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Abstract. In this book I treat the structure of D-modulc which has countable 
basis. If we do not care for topology of D-moduIe, then we consider Hamel 
basis. If norm is defined in D-module, then we consider Schauder basis. In case 
of Schauder basis, we consider vectors whose expansion in the basis converges 
normally. 
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CHAPTER 1 



Preface 

1.1. Preface 

Let D be commutative ring of characteristic 0. In this book, I consider free D- 
module which has countable basis. The difference between a countable basis and a 
finite one is that not any linear composition of vectors makes sense. 

To explain this statement we assume that D-module A with countable basis e 
is normed D-module. If we drop requirement that expansion 

of vector a relative to the basis e is convergent series, then we break out topology 
generated by the norm. If a norm in _D-module is not defined, then we do not have 
a tool which allows us to identify vector and its expansion relative to the basis when 
all coefheients are different from 0. 

So, if Z?-module has countable basis, then we consider two possibilities. If we 
do not care for topology of D-module, then we consider Hamel basis (the defini- 
tion 2.3.1). If norm is defined in D-module, then we consider Schauder basis (the 
definition 3.5.1). 

However in case of Schauder basis, the request of convergence of the expansion 
of vector relative to basis is not always sufficient. When we study a linear map, we 
consider vectors whose expansion in the basis converges normally. 

1.2. Conventions 
Convention 1.2.1. / assume sum over index s in expression like 

as-oxos.i 

□ 

Convention 1.2.2. Let A be free finite dimensional algebra. Considering ex- 
pansion of element of algebra A relative basis e we use the same root letter to denote 
this element and its coordinates. However we do not use vector notation in algebra. 
In expression a^ , it is not clear whether this is component of expansion of element 
a relative basis, or this is operation ^ aa. To make text clearer we use separate 
color for index of element of algebra. For instance, 

a = a^e-i 

□ 

Without a doubt, the reader may have questions, comments, objections. I will 
appreciate any response. 
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CHAPTER 2 



Hamel Basis 



2.1. Module 

Theorem 2.1.1. Let ring D has unit e. Representation?'^ 

(2.1.1) f:D-*—^A 

of the ring D in an Abelian group A is effective iff a — follows from equation 
/(a)-0.' 

Proof. We define the sum of transformations / and g of an Abelian group 
according to rule 

{f + g)oa = foa + goa 
Therefore, considering the representation of the ring D in the Abelian group A, we 
assume 

/(a + b) o X = /(a) o X + f[b) o x 
We define the product of transformation of representation according to rule 

f{ab) = f{a)of{b) 
Suppose a, b € R cause the same transformation. Then 

(2.1.2) /(a) OJ71 = /(6) o 771 

for any m G A. From the equation (2.1.2) it follows that a — b generates zero 
transformation 

f{a ~ b) o m — 

Element e+a—b generates an identity transformation. Therefore, the representation 
/ is effective iff a = 6. □ 

Definition 2.1.2. Let D be commutative ring. Effective representation of ring 
D in an Abelian group A is called Abelian group A is called either module over 
ring D or D-module. □ 

Theorem 2.1.3. Following conditions hold for D-module A: 

• associative law 

(2.1.3) (ab) o m = a o (b o m) 

• distributive law 

(2.1.4) a o (m + n) = aom + aon 

(2.1.5) (a + 6) o m = am + bm 



^■"'^This subsection is written on the base of the section [71-2.1. 
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• unitarity law 

(2.1.6) Im = m 

for any a, b E D, m, n Cz A. 

Proof. Since transformation a is cndomorphism of the Abclian group, we 
obtain the equation (2.1.4). Since representation is homomorphism of the aditive 
group of the ring D, we obtain the equation (2.1.5). Since the representation of the 
ring D is representation of the multipUcative group of the ring D, we obtain the 
equations (2.1.3) and (2.1.6). □ 

Vectors ai, i € I, of Z3-module A are D-linearly independent^'^ if c = 
fohows from the equation 

c*aj = 

Otherwise vectors Oi, i G I, are Z?-linearly dependent. 

Definition 2.1.4. We caU set of vectors S = (e^, i e I) a. U-basis for module 
if vectors are Z?-Unearly independent and adding to this system any other vector 
we get a new system which is _D-hnearly dependent. A is free module over ring 
D, if A has basis over ring D.^ '^ □ 

Following definition is consequence of definitions 2.1.2 and [8J-2.2.2. 

Definition 2.1.5. Let Ai and A2 be modules over the ring R. Morphism 

f:Ai^A2 

of representation of the ring D in the Abclian group Ai into representation of the 
ring D in the Abelian group A2 is called linear map of /5-module Ai into D- 
module A2. □ 

Theorem 2.1.6. Linear map 

f:Ai^A2 

of D-module Ai into D-module A2 satisfies to equations^ 

(2.1.7) fo{a + b)^foa + fob 

(2.1.8) f o (pa) = Pif o a) 

a,b e Ai p e D 

Proof. From definition 2.1.5 and theorem [8J-2.2.18 it follows that the map 
g is a homomorphism of the Abelian group Ai into the Abelian group A2 (the 
equation (2.1.7)). The equation (2.1.8) follows from the equation [8]-(2.2.45). □ 

Theorem 2.1.7. Let Ai and A2 be modules over ring D . The set £-{D; Ai; A2) 
is an Abelian group relative composition law 

(2.1.9) {f + g)ox^fox-\-gox 
which is called sum of linear maps. 



follow to the definition in [2], p. 130 

^■''l follow to the definition in [2], p. 135 
2.4 



In some books (for instance, [2], p. 119) the theorem 2.1.6 is considered as a definition. 



2.1. Module 



9 



Proof. According to the definition 2.1.5 

if + g)o{a + b) = fo{a + b)+go{a + b) 

=foa+fob+goa+gob 
= {.f + g)oa + {f + g)ob 

if + g) ° (do.) = f ° (do,) + g ° (da) 
^ df o a + dg o a 
= d{f + g) o a 

Therefore, tire map defined by equation (2.1.9) is linear map of D-module Ai into 
-D-module A2 . Commutativity and associativity of sum follow from equations 

{f + g)oa = foa + goa = goa + foa 

= {g + f)oa 

((/ + g) + h) o a = (f + g)oa + hoa = {foa + goa) + hoa 
= foa+{goa + hoa) = foa+{g + h)oa 
= {.f+{g + h))oa 

Let us define map o a; = 0. It is evident that G C{D; Ai; A-z). From the 
equation 

{0 + f)ox^Oox + fox^O + fox~fox 

it follows that 

+ / = / 

Let us define map 

(-/) O.T = -(/ox) 

It is evident that — / G C{D; Ai; A2). From the equation 

((-/) +f)ox^ (-/) ox + fox^{-ifox)) + fox = = Oox 
it follows that 

(-/) + / = o 

Therefore, the set C{D; Ai; A2) is an Abelian group. □ 

Theorem 2.1.8. Let Ai and A2 be modules over ring D. The representation 
of the ring D in the Abelian group C{D; Ai; A2) which is defined by the equation 

(2.1.10) (df) o X = d{f o x) 

is called product of map over scalar. This representation generates the structure 
of D -module in the Abelian group £(D; Ai; A2). 

Proof. From equations 

(df) o (dia) = d{f o (dia)) = di{d{f o a)) = di{{df) o a) 
(df) o [ai + 02) = d{f o (ai + 02)) ^ d{f o ai + f o 02) 

= d{f o ai) + d{f o 02) = {df) o ai + {df) o 02 

it follows that map 

(2.1.11) f^df 
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is a transformation of the set C{D\ Ai] A2). From equation 

{d{f + g))oa^ d{{f + g) o a) = d{f o a + g o a) 

= d{f o a) + d{g o a) = [df) o a + [dg) o a 

it follows that map (2.1.11) is a homomorphism of the Abelian group C{D; Ai] A2). 
According to the definition [7J-2.1.2, the Abelian group C{D; Ai; A2) is _D-modules. 

□ 

Definition 2.1.9. Let A be D-module. Li-module A' = C{D;A]D) is called 
conjugated I?-module. □ 

According to the definition 2.1.9, elements of conjugated D-module are Z?-linear 
maps 

(2.1.12) f:A^D 

ZJ-linear map (2.1.12) is called linear functional on D-module A or just D- 
linear functional. 

Theorem 2.1.10. Let f = (e.;, e A,i G I) be basis of D -module A. Let A' 
be D-module, conjugated to D-module A. The set of vectors e ~ (e' S A' , i & I) 
such that 

(2.1.13) e'oej=S} 
is basis of D-module A'. 

Proof. From the equation (2.1.13) it follows that 

(2.1.14) e' o a = e' o (a-'cj) = a^'(e' o Cj) = a^Sj = a* 
Let 

f-A^D 

be linear map. Then 

(2.1.15) foa = fo (a'e,;) = a'(/ o e,) = a'fi 
where fi = f° Ci From equations (2.1.14), (2.1.15) it follows that 

(2.1.16) /oa = /,(e'-oa) 
According to definitions (2.1.9), (2.1.10) 

/ = he' 

Therefore, the set e = (e* € A' , i G I) is basis of D-module A' . □ 
Corollary 2.1.11. Let f = (e;, e A, i g J) be basis of D-module A. Then 

a* = o a 

□ 

Basis e = (e* S A', i £ /) is called basis dual to basis e = (cj G A,i € I) . 

Theorem 2.1.12. Let fi = (ei.;, e Ai,i € /) be basis of D-module A\. Let 
62 = (e2.j G Ai,j € J) be basis of D-module A2. The set of vectors {e\,e2-j), 
i € I , j G J , defined by equation 

(2.1.17) {el,e2-j) o a = (ej o a)e2-j 
is basis of D-module £(£); Ai; A2). 



2.2. Algebra over Ring 
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Proof. Let 

/ : Ai ^ A2 

be map of D- module Ai with basis ei into D- module A2 with basis 62- Let a G Ai, 
a = a^ei.i. According to the corollary 2.1.11 

(2.1.18) / o a = / o (a'ei.,) = a\f o ei.i) = (e'i o «)(/ o ei.i) 
Since / o ei.i G ^2, then from the equation (2.1.18) it follows that 

(2.1.19) foa^{e{oa)f^e2.j 
From equations (2.1.17), (2.1.19) it follows that 

foa = fl{e\,e2-j)oa 

Therefore 

/ = //(el,e2.,-) 

Since maps (2.1.17) are linearly independent, then the set of these maps is basis. □ 

Definition 2.1.13. Let D be the commutative ring. Let Ai, A„, S be D- 
modules. We call map 

f : Ai X ... -x. An S 
polylinear map of modules Ai, A„ into module S, if 

/ o (ai, ...,a.j + 6i, a„) = / o (ai, a,, ...,a„) + / o (ai, 6i, a„) 
/ o (oi, ...,_pa,;, a„) = pf o (ai, a,;, ...,a„) 

1 < i < n ai,bi £ Ai p G D 

□ 

2.2. Algebra over Ring 

Definition 2.2.1. Let D be commutative ring.'^ ''' A is an algebra over ring 
D or D-algebra, if A is D-module and we defined product^ *' in A 

(2.2.1) ab = fo{a,b) 
where / is bilinear map 

f:AxA-^A 

If A is free D-module, then A is called free algebra over ring D. □ 

According to construction that was done in subsections [8J-4.4.2, [8J-4.4.3, a 
diagram of representations of Z3-algebra has form 

D -*-^ A — A fi^2{d) : V ^ dv 

(2.2.2) Jj^ ,^ f 2,3{^) -w-^ C{v,w) 

D CeC{A^;A) 

On the diagram of representations (2.2.2), D is ring, A is Abelian group. We 
initially consider the vertical representation, and then we consider the horizontal 
representation. 



^■'^This section is written on the base of the section [7J-2.2. 

^■^I follow the definition given in [15], p. 1, [11], p. 4. The statement which is true for any D- 
modulo, is true also for D-algobra. 
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Theorem 2.2.2. The multiplication in the algebra A is distributive over addi- 
tion. 

Proof. The statement of the theorem foUows from the chain of equations 
(a + b)c = / o (a + fe, c) = / o (a, c) + / o (6, c) = ac + be 
a{b + c) = f o {a,b + c) ~ f o (^a,b) + f o (a, c) = ab + ac 

□ 

Definition 2.2.3. Let Ai and A2 be algebras over ring D. The hnear map 

/ : Ai -> A2 

of the D-module Ai into the D-module A2 is caUed linear map of _D-algebra Ai 
into £)-algebra A2. Let us denote set of hnear maps of algebra Ai into algebra 
A2. □ 

Theorem 2.2.4. If we define product 

(2.2.3) {fog)oa = fo{goa) 
on D-module C{D; A; A), then C{D; A] A) is D-algebra. 

Proof. From equations 

((/l +12)09)00. = (/i + /2) o {g oa) = fi o (g o a) + J2 o {9 o a) 

= ifi o .9) ° « + (/2 o 5) ° a = (/i ° .9 + ./2 o 5) ° a 
((# ) 09)00.= (df) o{goa) = d{f o{go a)) 
d{{f og)oa) = {d{f o g)) o a 
if o {gi + 92)) oa = f o ((gi + 32) o a) = f o {gi o a + g2 o a) 
= f o{gioa) + f o {g2 o a) 

= if o .91) oa + {f og2)oa = (/ o + / o 92) o a 

if o (dg)) o a = / o {{dg) o a) = / o {d{g o a)) = d{f o {g o a)) 

= d{{f og)oa) = {d{f og))oa 

it follows that map fog is bilinear map. According to the definition 2.2.1, D- 
module JC{D; A; A) is Z?-algebra. □ 

The multiplication in algebra can be neither commutative nor associative. Fol- 
lowing definitions are based on definitions given in [15], p. 13. 

Definition 2.2.5. The commutator 

[a, b] = ab — ba 

measures comniutativity in Z3-algebra A. D-algebra A is called commutative, if 

[a, b] = 

□ 

Definition 2.2.6. The associator 

(2.2.4) ia,b,c) = {ab)c~ a{bc) 

measures associativity in I?-algebra A. Z?-algebra A is called associative, if 

(a, b,c) = 



2.3. D-algcbra with Hamcl Basis 
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□ 

Definition 2.2.7. The set^ "^ 

N{A) = {ae A:Vb,ce A, (a, b, c) = {b, a, c) = (6, c, a) = 0} 

is called the nucleus of D-algebra A. □ 

Definition 2.2.8. The set^-^ 

Z{A) = {aeA:ae N{A),\fb eA,ab^ ba} 

is called the center of D-algebra A. □ 

Theorem 2.2.9. Let e be the basis of free finite dimensional algebra A over 
ring D. Let 

a = a' Ci b = 6* Ci a, 6 £ A 
We can get the product of a, b according to rule 

(2.2.5) (ab)'' = C^^a^V 

where C^j are structural constants of algebra A over ring D. The product of 
basis vectors in the algebra A is defined according to rule 

(2.2.6) aej = C^jCk 

Proof. The equation (2.2.6) is corollary of the statement that e is the basis 
of the algebra A. Since the product in the algebra is a bilinear map, then we can 
write the product of a and b as 

(2.2.7) ab = aVciCj 
From equations (2.2.6), (2.2.7), it follows that 

(2.2.8) ab = a'VC^jCk 

Since e is a basis of the algebra A, then the equation (2.2.5) follows from the 
equation (2.2.8). □ 

2.3. _D-algebra with Hamel Basis 

If D-module A has countable basis e, then, in general, infinite sum in D- 
module A is not defined. If continuity is not defined in D-module A, then we use 
next definition ([10], p. 223). 

Definition 2.3.1. Let _D-module A have countable basis f = {e^}^^. If 
any element of _D-module A has finite expansion relative to basis e, namely, in the 
equation 

a = a''ei 

the set of values a' S D, which are different from 0, is finite, then basis e is called 
Hamel basis. The sequence of scalars {a^}fZi is called coordinates of vector 

a = a^Ci 

relative to Hamel basis e. □ 



^■^The definition is based on the similar definition in [15], p. 13 
^■^The definition is based on the similar definition in [15], p. 14 
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Theorem 2.3.2. Let 

f:Ai^A2 

be map of D-module Ai with Hamel basis ei into D-module A2 with Hamel basis 
62- Let /| be coordinates of the map f relative to bases ei and 62- Then for any j , 
the set of values /J, which are different from 0, is finite. 

Proof. The theorem follows from the equation 

/ ° ei-j = fj 

□ 

Theorem 2.3.3. Let 

f ■■ A2 

be linear map of D-module Ai with basis Ci into D-module A2 with Hamel basis 62. 
Then for any ai € Ai, the image 

(2.3.1) a2 = /oai al = a{fj 02 = e2.i 
is defined properly. 

Proof. Let 

(2.3.2) ai G Ai fli = a\ ei-i 

According to the definition 2.3.1, the set of values a-' , which are different from 0, 
is finite. Let /j be coordinates of the map / relative to bases ei and 62. According 
to the theorem 2.3.2, for any j, the set of values which are different from 0, 
is finite. The union of finite set of finite sets is finite set. Therefore, the set of 
values a{fj, which are different from 0, is finite. According to the definition 2.3.1, 
expression (2.3.1) is expansion of the element 02 relative to Hamcl basis 62. □ 

Convention 2.3.4. Leif be Hamel basis of free D -algebra A. The product of 
basis vectors in D-algebra A is defined according to rule 

(2.3.3) CiCj = C%ek 

where C^ ^ are structural constants of D-algebra A. Since the product of vectors 
of the basis e of D-algebra A is a vector of D-algebra A, then we require that for 
any i, j , the set of values Cf'j, which are different from 0, is finite. □ 

Theorem 2.3.5. Lete be Hamel basis of free D-algebra A. Then for any 

= 0' a b = V Ci a,b E A 

product defined according to rule 

(2.3.4) {abf = C'^^a^V 
is defined properly. 

Proof. Since the product in the algebra is a bilinear map, then we can write 
the product of a and b as 

(2.3.5) ah = a'VeiCj 
From equations (2.3.3), (2.3.5), it follows that 

(2.3.6) ab = a^VC^.Ck 



2.3. D-algcbra with Hamcl Basis 
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Since e is a basis of the algebra A, then the equation (2.3.4) follows from the 
equation (2.3.6). 

Since the basis e is Hamel basis, then 

• the set of values a*, which are different from 0, is finite; 

• the set of values V , which are different from 0, is finite. 

Therefore, the set of products a^V , which are different from 0, is finite. For any i, 
j, the set of values C^j, which are different from 0, is finite. Therefore, the product 
is properly defined by the equation (2.3.4). □ 

Theorem 2.3.6. Let Ai, An he free algebras over commutative ring D. Let 
Ci be Hamel basis of D- algebra Ai. Then the set of vectors ei.^^ ® ... (g) e„.i„ is 
Hamel basis of tensor product Ai ... ® An- 

Proof. To prove the theorem, we need to consider the diagram [7]-(2.5.4) 
which we used to prove the theorem [7J-2.5.3. 



(2.3.7) M/N 




Ai X ... X An 



Let Ml be module over ring D generated by product Ai x ... x An of ZJ-algebras 

.Ai, An. 

• Let vector b E Mi have finite expansion relative to the basis Ai x ... x An 

= fe*(ai.i, ...,a„.i) i e Li 

where /i is finite set. Let vector c e Mi have finite expansion relative to 
the basis Ai x ... x A„ 

c = c*(ai.i, ...,a„.i) i e I2 

where I2 is finite set. The set L = Li IJ L2 is finite set. Let 

b, = ie L\Li 

Cj = i e / \ /2 

Then 

6 + c = (&' + c*)(ai.i, ...,a„.i) i€l 
where / is finite set. Similarly, for d G D 

db ^ db'iai.i, ...,an.i) i e Li 

where Li is finite set. Therefore, we proved the following statement. 

Lemma 2.3.7. The set M of vectors of module Mi, which have finite 
expansion relative to the basis Ai x ... x An, is submodule of module Mi. 



^■'^The set Ai x ... x An cannot be Hamel basis because this set is not countable. 
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Injection 

i : Ai X ... X An ^ M 

is defined according to rule 

(2.3.8) i o {di, ...,dn) = {di, ...,d„) 

Let C M be submodule generated by elements of the following type 

(2.3.9) (di, + Ci, d„) - (di, dj, d„) - (di, Ci, d„) 

(2.3.10) (di, ...,adi, ...,d„) - a(di, d,, ...,d„) 
where di & Ai, a ^ Ai, a & D. Let 

j : M ^ M/N 

be canonical map on factor module. Since elements (2.3.9) and (2.3.10) belong to 
kernel of linear map j, then, from equation (2.3.8), it follows 

(2.3.11) / o (di, di + Ci, ...,d„) o (di, ...,d,;, ...,d„) + / o (di, ...,Ci, ...,d„) 

(2.3.12) / o (di, ...,adj, ...,d„) =a / o (di, ...,di, ...,d„) 

From equations (2.3.11) and (2.3.12) it follows that map / is polylinear over ring 
D. 

The module M/N is tensor product Ai (g) ... ® An', the map j has form 

(2.3.13) j{ai, a„) = oi (g) ... ® a„ 

and the set of tensors like ei.i^ ... e„.i„ is countable basis of the module M /N . 
According to the lemma 2.3.7, arbitrary vector b € M has representation 

6 = 5'(ai.i, ...,a„.i) i€l 
where / is finite set. According to the definition (2.3.13) of the map j 

(2.3.14) j o 5 6'(ai.j (g) ... a„.i) iel 

where / is finite set. Since is Hamel basis of _D-algebra Ak, then for any set of 
indexes k ■ i, in equation 

Pk 

dk-i = O^ki^^Pk 

the set of values a^''^, which are different from 0, is finite. Therefore, the equation 

(2.3.14) has form 

(2.3.15) Jo6 = 6*an-<"^(ei.pi ®...0e„.p,J i£l 
where the set of values 

li Pi Pn 

which are different from 0, is finite. □ 

Corollary 2.3.8. Let Ai, An be free algebras over commutative ring D. 
Let ei be Hamel basis of D -algebra Ai . Then any tensor a € ® ... An has finite 
set of standard components different from 0. □ 



2.3. D-algcbra with Hamcl Basis 
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Theorem 2.3.9. Let Ai be algebra over the ring D. Let A2 be free associative 
algebra over the ring D with Hamel basis e. The map 

(2.3.16) g = aof 

generated by the map f G C{D] Ai; A2) through the tensor a G A2 (E) A2, has the 
standard representation 

(2.3.17) g = a'\ei d, Cj) o / = a'^afej 

Proof. According to theorem 2.3.6, the standard representation of the tensor 
a has form 

(2.3.18) a = a'^^ei®ej 

The equation (2.3.17) follows from equations (2.3.16), (2.3.18). □ 



CHAPTER 3 



Schauder Basis 

3.1. Topological Ring 
Definition 3.1.1. Let D be a ring.'^-^ The set Z{D) of elements a E D such 

that 

(3.1.1) ax = xa 

for all X E D, is called center of ring D. □ 
Theorem 3.1.2. The center Z{D) of ring D is subring of ring D. 
Proof. The statement follows immediately from definition 3.1.1. □ 
Definition 3.1.3. Let D be a ring with unit element e.^-'^ The map 

I: Z ^ D 

such that l(n) = ne is a homomorphism of rings, and its kernel is an ideal (n), 
generated by integer n > 0. We have canonical injective homomorphism 

Z/?iZ D 

which is an isomorphism between Z/nZ and subring of D. If nZ is prime ideal, 
then we have two cases. 

• n = f). D contains as subring a ring which isomorphic to Z , and which is 
often identified with Z. In that case, we say that D has characteristic 
0. 

• n ~ p for some prime number p. D has characteristic p, and D contains 
an isomorphic image of Fp = Z/pZ . 

□ 

Theorem 3.1.4. Let D he ring of characteristic and let d £ D. Then every 
integer n £ Z commutes with d. 

Proof. We prove statement by induction. The statement is evident for n ~ 
and n = 1. Let statement be true for n = k. From chain of equation 

{k + l)d = kd + d ^ dk + d = d{k + 1) 

Evidence of statement for n = fc + 1 follows. □ 

Theorem 3.1.5. Let D be ring of characteristic 0. Then ring of integers Z is 
subring of center Z{D) of ring D. 

Proof. Corollary of theorem 3.1.4. □ 

3-l[2], page 89. 

•^■"^I made definition according to definition from [2], pages 89, 90. 
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Definition 3.1.6. Ring D is called topological ring"*-^ if D is topological 
space and the algebraic operations defined in D are continuous in the topological 
space D. □ 

According to definition, for arbitrary elements a,b ^ D and for arbitrary neigh- 
borhoods Wa-b of the element a — b, Wab of the element ah there exists neighbor- 
hoods Wa of the element a and Wb of the element b such that Wa — Wb C Wa-b, 

WaWb C Wab- 

Definition 3.1.7. Norm on ring D^-^ is a map 

deD ^\d\eR 

which satisfies the following axioms 

• |a| > 

• |a| = if. and only if, a = 

• \ab\ = \a\\b\ 

• \a + b\< \a\ + \b\ 

The ring D, endowed with the structure defined by a given norm on D, is called 
normed ring. □ 

Invariant distance on additive group of ring D 

d(a, b) ~ \a — b\ 

defines topology of metric space, compatible with ring structure of D. 

Definition 3.1.8. Let D be normed ring. Element a <E D is called limit of a 
sequence {a„} 

a — lini a„ 

if for every e S i?, e > there exists positive integer uq depending on e and such, 
that |a„ — a| < e for every n > uq. □ 

Definition 3.1.9. Let D be normed ring. The sequence {a„}, a„ e Z) is called 
fundamental or Cauchy sequence, if for every e € i?, e > 0, there exists positive 
integer no depending on e and such, that |ap — Ogj < e for every p, q > uq. □ 

Definition 3.1.10. Normed ring D is called complete if any fundamental 
sequence of elements of ring D converges, i.e. has limit in ring D. □ 

Let D be complete ring of characteristic 0. Since division in the ring, in general, 
is not defined, we cannot state that the ring D contains rational field. We will 
assume that considered ring D contains rational field. Under this assumption, it is 
evident that the ring has characteristic 0. 

Theorem 3.1.11. Let D be ring containing rational field and let d ^ D. Then 
for any integer n £ Z 

(3.1.2) n-^d = dn-^ 



•^■•^I made definition according to definition from [1.3], chapter 4. 

•^■^ made definition according to definition from [12], IX, §3.2 and definition [17]-1.1.12, p. 23. 



3.1. Topological Ring 
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Proof. According to theorem 3.1.4 following chain of equation is true 

(3.1.3) n^^dn — nn^^d = d 

Let us multiply right and left sides of equation (3.1.3) by n~^. We get 

(3.1.4) n~^d = n~^dnn^^ = dn~^ 

(3.1.2) follows from (3.1.4). □ 

Theorem 3.1.12. Let D be ring containing rational field and let d E D. Then 
every rational number p G Q commutes with d. 

Proof. Let us represent rational number p G Q as p = mn~^, m, n G Z . 
Statement of theorem follows from chain of equations 

pd = mn^^d ~ n^^dm — dmn^^ ~ dp 

based on the statement of theorem 3.1.4 and equation (3.1.2). □ 

Theorem 3.1.13. Let D be ring containing rational field. Then field of rational 
numbers Q is subfield of center Z{D) of ring D. 

Proof. Corollary of theorem 3.1.12. □ 

Later on, speaking about normed ring of characteristic 0, we will assume that 
homeomorphism of field of rational numbers Q into ring D is defined. 

Theorem 3.1.14. Let D be normed ring of characteristic and let d G D. Let 
a G D be limit of a sequence {a„}. Then 

lim (a„c?) = ad 

n—>oo 

lim {dttn) ~ da 

n— >oo 

Proof. Statement of the theorem is trivial, however I give this proof for com- 
pleteness sake. Since a E D is limit of the sequence {a„}, then according to 
definition 3.1.8 for given e G i?, e > 0, there exists positive integer no such, that 

|a„-a|<^ 

for every n > Uq. According to definition 3.1.7 the statement of theorem follows 
from inequalities 

\and - ad\ = |(a„ - a)d\ = |a„ - a||d| < = e 

\d\ 

|da„ - da\ = |(i(a„ - a)\ = |d||a„ - a| < |d|— = e 

\d\ 

for any n > uq. □ 

Theorem 3.1.15. Complete ring D of characteristic contains as subfield an 
isomorphic image of the field R of real numbers. R is customary to identify it with 
R. 

Proof. Consider fundamental sequence of rational numbers Let p' be 

limit of this sequence in ring D. Let p be limit of this sequence in field R. Since 
immersion of field Q into division ring D is homeomorphism. then we may identify 
p' G D and p € R. □ 



22 



3. Schaudcr Basis 



Theorem 3.1.16. Let D be complete ring of characteristic and let d ^ D. 
Then any real number p Cz R commute with d. 

Proof. Let us represent real number p G i? as fundamental sequence of ratio- 
nal numbers {pn}- Statement of theorem follows from chain of equations 

pd ~ lim (pnd) ~ lim (dpn) = dp 
based on statement of theorem 3.1.14. □ 

3.2. Normed i?- Algebra 

Definition 3.2.1. Let D be valued commutative ring.'^ '"' Norm on £)-mod- 
ule ^ is a map 

a e A ^ ||a|| e R 
which satisfies the following axioms 
3.2.1.1 
3.2.1.2 
3.2.1.3 
3.2.1.4 

D-module A, endowed with the structure defined by a given norm on A, is called 
normed ZJ-module. □ 



Ikll > 

||a|| = if, and only if, a = 

||a + 6|| < ||a|| + ||6|| 

\\da\\ = \d\\\a\\,d^D,a(^ A 



Theorem 3.2.2. Norm in D-module A satisfies to equation 

(3.2.1) ||a-&||>||a||-||&|| 
Proof. From the equation 

a ~ {a — b) + b 
and statement 3.2.1.3, it follows that 

(3.2.2) ||a|| < ||a-6|| + ||&|| 

The equation (3.2.1) follows from the equation (3.2.2). □ 

Definition 3.2.3. The basis e is called normal basis, if ||e;|| = 1 for any 
vector a of the basis e. □ 

Definition 3.2.4. Let A be normed D-module. Element a e A is called limit 
of a sequence {a„} 

a = lim a„ 

if for every e G i?, e > there exists positive integer no depending on e and such, 
that ||a„ — a|| < e for every n > no. □ 

Definition 3.2.5. Let A be normed U-module. The sequence {a„}, On <E A, 
is called fundamental or Cauchy sequence, if for every e G i?, e > 0, there 
exists positive integer no depending on e and such, that \\ap — aq\\ < e for every 
p, q> no. □ 

Definition 3.2.6. Normed £>-module A is called Banach D-tnodule if any 
fundamental sequence of elements of module A converges, i.e. has limit in module 
A. □ 



''■'^I made definition according to definition from [12], IX, §3.3. We use notation either \a\ or 
||a|| for norm. 



3.3. Normcd D-Modulc C{D;Ai;A2) 
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Definition 3.2.7. Let D be valued commutative ring. Let A be -D-algebra. 
The norm ||a|| on _D- module A such that 

(3.2.3) ||a&|| < ||a|| 

is called norm on D-algebra A. Z?-algebra A, endowed with the structure defined 
by a given norm on A, is called normed D-algebra. □ 

Definition 3.2.8. Normed D-algebra A is called Banach D-algebra if any 
fundamental sequence of elements of algebra A converges, i.e. has limit in algebra 
A. □ 

Definition 3.2.9. Let A be Banach D-algebra. Set of elements a € A, \\a\\ = 
1, is called unit sphere in algebra A. □ 

3.3. Normed D-Module /:(D; Ai; A2) 
Definition 3.3.1. Map 

f:Ai^A2 

of D-module Ai with norm ||a;||i into D-module A2 with norm ||y||2 is called con- 
tinuous, if for every as small as we please e > there exist such (5 > 0, that 

\\x' ~ x\\i < S 

implies 

\\f(x')-fix)h<e 

□ 

Theorem 3.3.2. Lef-^ 

f:Ai^A2 

linear map of D-module Ai with norm \\x\\i into D-module A2 with norm \\y\\2- 
Since the linear map f is continuous at x G Ai, then the linear map f is continuous 
everywhere in D-module Ai. 

Proof. Let e > 0. According to the definition 3.3.1, there exist such S > 0, 

that 

(3.3.1) \\x'-x\\i<S 
implies 

(3.3.2) Wfox' - fox\\2<e 
Let b € Ai. From the equation (3.3.1), it follows that 

(3.3.3) ||(.t' + b)-{x + b)\\i = \\x'- x\\i < S 
From the equation (3.3.2), it follows that 

\\fo{x' + b)-fo{x + b)\\2=\\{fox' + fob)-{fox + fob)\\2 

II f ' f II ^ 

= \\j °x - J °x\\2 < e 
Therefore, the linear map / is continuous at point x + b. □ 



■^■''This theorem is based on the theorem [4]-l, page 77. 
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Corollary 3.3.3. Linear map 

of normed D-module Ai into normed D-module A2 is continuous iff it is continuous 
at point G Ai . □ 

Theorem 3.3.4. The sum of continuous linear maps of D-module Ai with 
norm \\x\\i into D-module A2 with norm \\y\\2 is continuous linear map. 

Proof. Let 

be continuous linear map. According to the corollary 3.3.3 and the definition 3.3.1, 
for given e > there exist such 5i > 0, that < 5i implies 

(3.3.5) \\foxh<^ 
Let 

g:Ai^A2 

be continuous linear map. According to the corollary 3.3.3 and the definition 3.3.1, 
for given e > there exist such (52 > 0, that ||x||i < 82 implies 

(3.3.6) ll.9°2:||2<^ 
Let 

5 = min((5i, ^2) 

From inequalities (3.3.5), (3.3.6) and the statement 3.2.1.3, it follows that j|;2;|li < 5 
implies 

\\{f + 9)ox\\2 = \\fox + gox\\2 < ||/oxl|2 + ||<?oxll2 <e 
Therefore, according to the corollary 3.3.3 and the definition 3.3.1, linear map f -\-g 
is continuous. □ 

Theorem 3.3.5. Let 

f:Ai^A2 

be continuous linear map of D-module Ai with norm \\x\\i into D-module A2 with 
norm \\y\\2- Product of the map f over scalar d € D is continuous linear map. 

Proof. According to the corollary 3.3.3 and the definition 3.3.1, for given 
e > there exist such 6 > 0, that ||x||i < 6 implies 

(3.3.7) ll/oa;||2<^ 

From inequality (3.3.7) and the statement 3.2.1.4, it follows that ||a;||i < 5 implies 

\\{df)ox\\2^\\difox)\\2 = \d\\\fox\\2<e 

Therefore, according to the corollary 3.3.3 and the definition 3.3.1, linear map d f 
is continuous. □ 

Theorem 3.3.6. The set CC{D;Ai]A2) of continuous linear maps of normed 
D-module Ai into normed D-module A2 is D-module. 

Proof. The theorem follows from theorems 3.3.4, 3.3.5. □ 



3.3. Normcd D-Modulc C{D;Ai;A2) 
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Theorem 3.3.7. Let Ai be D-module with norm \\x\\i. Let A2 he D-module 
with norm \\y\\2- The map 

C{D; Ai; A2) ^ R 

determined by the equation 

(3.3.8) 11/11 = supMf^ 

is norm of D-module C{D; Ai; A2) and is called norm of map /. 

Proof. The statement 3.2.1.1 is evident. 

Let 11/11 = 0. According to the definition (3.3.8) 

11/ ° -^112=0 

for any x G Ai. According to the statement 3.2.1.2, / o a; = for any x G Ai. 
Therefore, the statement 3.2.1.2 is true for ||/||. 

According to the definition (2.1.9) and the statement 3.2.1.3, 

H(/l+/2)°x||2 ||/lOa: + /2 0x||2 

sup — = sup- 



kill " llxlli 

(3.3.9) < sup 



ll/i oa;||2 + 11/2 o.t|I2 



^ 11/1° ^||2 , ^ /20X 2 
IfIIi 

From the inequahty (3.3.9) and the definition (3.3.8), it folfows that 

||/l+./2||<|i./l|| + ||./2|| 

Therefore, the statement 3.2.1.3 is true for ||/||. 

According to the definition (2.1.10) and the statement 3.2.1.4, 

f^^,^. \\{df)ox\\2 \\d{fox)\\2 ^ |rf|||/°x||2 ,,, ||/°X||2 

3.3.10 sup = sup — < sup 7— = \d\ sup—- — 

IfIIi ||a;||i ||2;||i 

From the inequahty (3.3.10) and the definition (3.3.8), it follows that 

IM/ll = |d|||,/ll 

Therefore, the statement 3.2.1.4 is true for ||/||. □ 

Theorem 3.3.8. Let D be ring with norm \d\. Let A be D-module with norm 
\\x\\o. The map 

A' 

determined by the equation 

is norm of D-module A' and is called norm of functional /. 

Proof. The theorem follows from the theorem 3.3.7. □ 

Theorem 3.3.9. Let D be ring with norm \d\. Lete be basis of D-module A 
with norm \\x\\i. Let A' be conjugated D-module with norm \\x\\2- Then 

.. ... 1 
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Proof. Let index i have given value. Let a € A. Since 

a ~ {a — a'^Ci) + a^Ci 
then according to the statement 3.2.1.3 

Ijalli < ||a-a^ei||i + ||a^ei||i 
If a = a*ei, then according to the statements 3.2.1.2, 3.2.1.4 

!|a||i = ||a'e,||i = |a^|||ei||i 

Therefore, 

(3.3.12) ll^'1l^--PTT^ = niTV 

||a|[i |a*|||ei||i 

The equation (3.3.11) follows from the equation (3.3.12). □ 

Corollary 3.3.10. Let e be normal basis of normed D-module A. The basis 
dual to basis e also is normal basis of normed D-module A' . □ 

Theorem 3.3.11. Letei be basis of D-module Ai with norm \\x\\i. Lete2 be 
basis of D-module A2 with norm \\x\\2. Then 

(3.3.13) l|(ej,e2.,)|| = ^^ 

Proof. Let indices i, j have given values. Let a <E Ai. Since 

a= {a — a^ei-i) + a^ei.i 
then according to the statement 3.2.1.3 

||a||i < |la-a'ei.i||i + ||a'ei.i||i 
If a = a^ei-i, then according to the statements 3.2.1.2, 3.2.1.4 

(3.3.14) ||a||i = ||a^ei.;,||i = |a^|||ei.i||i 
Since 

{el,e2.j) oa = a'e2.j 
then according to the statement 3.2.1.4 

(3.3.15) ||(ei,e2.,>a||2 = |laW,||2 = |a^|||e2.j||2 
From equations (3.3.14), (3.3.15) it follows that 

(on.c.^ \ui^ .,._ \\{e\,e2.j)oa\\2 ^ |ai ||e2,7l|2 

(3.3.1b) (61,62-: j -sup — - — T—j — 

\\a\\i |a'| ||ei.i||i 

The equation (3.3.13) follows from the equation (3.3.16). □ 

Corollary 3.3.12. Letei be normal basis of D-module Ai with norm \\x\\i. 
Let 62 be normal basis of D-module A2 with norm \\x\\2. Then 

ll(ei,e2.,)|| = l 

□ 



3.3. Normcd D-Modulc C{D;Ai;A2) 
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Theorem 3.3.13. Let 

f:Ai^A2 

be linear map of D -module Ai with norm \\x\\i into D-module A2 with norm \\y\\2- 
Then 

(3.3.17) \\f\\^sup{\\foxh:\\x\\, = l} 

Proof. From the definition 2.1.5 and the theorems 3.1.15, 3.1.16, it follows 

that 

(3.3.18) f{rx)=rf{x) reR 

From the equation (3.3.18) and the statement 3.2.1.4, it follows that 
\\f{rx)h \r\ \\fix)h \\f{x)h 



\\rx\\i 



\r\ Ml 



Assuming r 
(3.3.19) 



we get 



ll^lli 







ll^lll) 







Equation (3.3.17) follows from equations (3.3.19) and (3.3.8). 
Theorem 3.3.14. Let 

f:Ai^A2 

be linear map of D-module Ai with norm \\x\\i into D-module A2 with norm \\y\\2 
Then 

(3.3.20) ||.f°x||2< 11/11 Iklli 

Proof. According to the statement 3.2.1.4 



□ 



(3.3.21) 



1 



kill' 



1 



Ml 



lklli = l 



From the theorem 3.3.13 and the equation (3.3.21), it follows that 



(3.3.22) 



1 



-/ o X 



fo 



< 11/11 



From the statement 3.2.1.4 and the equation (3.3.22), it follows that 

1 



(3.3.23) 



-Il/°^l|2< 



□ 



The inequality (3.3.20) follows from the inequality (3.3.23). 
Theorem 3.3.15. Lei^ " 

f:Ai^A2 

linear map of D-module Ai with norm \\x\\i into D-module A2 with norm \\y\\2- 
The map f is continuous iff j|/j| < 00. 



■^■^This theorem is based on the theorem [4]-2, pages 77 - 78. 
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Proof. Let ||/|| < oo. Since map / is linear, then according to the theorem 



3.3.7 



\\fox-foy\\,^\\foix-y)h<\\f\\ \\x ~ yh 



Let us assume arbitrary e > 0. Assume 6 = "jljlj"' '^^'^^ 

||/ox-/oy||2 < 11/11 <5 = e 

follows from inequality 

\\x-y\\i < S 

According to definition 3.3.1, the map / is continuous. 

Let 11/11 = oo. According to the theorem 3.3.7, for any n, there exists Xn such 

that 



||/ox„||2 > n \\Xn\\l 

1 



(3.3.24) 
Let 

(3.3.25) 

According to the definition 2.2.3, the statement 3.2.1.4, equation (3.3.25), inequality 
(3.3.24) 



Vn = 



\\f oynh = 



fo 



I 



n \Xn\i 



1 



n \\Xn\\l 



11/ O Xn\\2 > 1 



Therefore, the map / is not continuous at the point G ^i. 



□ 



D-module CC{D; Ai; A2) is submodule of I?-module C{D; Ai; A2). According 
to the theorem 3.3.15, since 

f eCiD;Ai;A2)\CC{D;A,;A2) 

then 11/11=00. 

Theorem 3.3.16. Let A\ he D-module with norm \\x\\i. Let A2 be D-module 
with norm \\x\\2- Let A^ he D-module with norm \\x\\^. Let 

g: Ai^ A2 
/ : ^2 -> ^3 

he continuous linear maps. The map fog is continuous linear map 
(3.3.26) 11/ °.9ll< 11/11 II.9II 

Proof. According to the definitions (2.2.3), (3.3.8)^-* 

ll/° (3°2:)||3 |!5oa;||2' 



(3.3.27) 



sup"(^?!-"-=sup"^°f^r)"3^sup 



Iklll 



ll^lll 

<sup "^:^"°:^'K upi'g°""^ 



||gox||2 ||x||] 



\9°X\\2 



mi 



3-8Lct 

fl-.Ai^R f2 : Ai^ R 
In general, maps /i , /2 have maximum in different points of the set Ai . Therefore, 

sup(/i{a;)/2(2:)) < sup/i(a;)sup/2(3:.') 



3.4. Normcd D-Modulo C{D; Ai, ^) 
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Since, in general, g o Ai ^ A2, then 

.0 Q ^Q^ ll/° (g°a;)||3 ||/°;;||3 

3.3.28 sup — < sup—-- — 

Il5°a;||2 Wvh 

From the inequalities (3.3.27), (3.3.28), it follows that 

3.3.29 sup < sup— ^ — sup— — 

\m\i Wvh \\x\\i 

The inequality (3.3.26) follows from the inequality (3.3.29) and the definition (3.3.8). 

□ 

Theorem 3.3.17. Normed D-module CC{D; A; A) is normed D- algebra, where 
product is defined according to rule 

if,9)^fog 

Proof. The proof of statement that Z?-module CC{D; A; A) is Z?-algebra is 
similar to the proof of the theorem [7J-2.4.5. According to the definition 3.2.7 and 
the theorem 3.3.16, the norm (3.3.8) is norm on D-algebra CC{D; A; A). □ 

3.4. Normed D-Module C{D; Ai, A^; A) 

Definition 3.4.1. Let Ai, i = 1, n, be Banach D-algebra with norm ||a;||i. 
Let A be Banach D-algebra with norm ||a;||. Multivariable map 

f : Ai X ... X An A 

is called continuous, if for every as small as we please e > there exist such S > 0, 
that 

\\x[-Xi\\i<S ... \\x'n - Xn\\,i < S 

implies 

\\f{x[,...,x'J -/(a;i,...,x„)l| < e 

□ 

Theorem 3.4.2. The sum of continuous multivariable maps is continuous mul- 
tivariable map. 

Proof. Let 

/ : Ai X ... X An ^ A 
be continuous multivariable map. According to the definition 3.4.1, for given e > 
there exist such 5i > 0, that \\x'i — < Si, \\x'n — Xn\\n < <5i implies 

(3.4.1) \\f{x[,...,x'n)-f{xi,...,Xn)\\ < \ 

Let 

g : Ai X ... X An ^ A 
be continuous multivariable map. According to the definition 3.4.1, for given e > 
there exist such 82 > 0, that \\x'i — < 82, \\x'n — Xn\\n < 1^2 implies 

(3.4.2) \\g{x[,...,x'n)~gixi,...,xn)\\ < I 
Let 

S = min((5i, ^2) 
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From inequalities (3.4.1), (3.4.2) and the statement 3.2.1.3, it follows that \\x[ — 
xi\\i < 6, \\x'„ ~ Xn\\n < 6 implies 

\\{f + g){x[,...,x'J-{f + g){xi,...,Xn)\\ 

= \\f{x[,...,x'„) + g{x[,...,x'„) - f{xi,...,Xn) - g{xi,...,Xn)\\ 

<\\f{x[,...,x'„) - f{xi,...,Xn)\\ + \\g{x[,...,x'„) - g{xi,...,Xn)\\ < e 

Therefore, according to the definition 3.4.1, multivariable map f + g is continuous. 

□ 

Theorem 3.4.3. The sum of continuous polylinear maps is continuous polylin- 
ear map. 

Proof. The theorem follows from theorems [6J-1.6, 3.4.2. □ 

Theorem 3.4.4. Product of the continuous multivariable map f over scalar 
d € D is continuous multivariable map. 

Proof. Let 

/ : Ai X ... X An A 
be continuous multivariable map. According to the definition 3.4.1, for given e > 
there exist such 5 > 0, that \\x'i — < 5, |ja;^ — Xn\\n < S implies 

(3.4.3) \\f{x[,...,x'n)-f{x,,...,xn)\\ < ^ 

From inequality (3.4.3) and the statement 3.2.1.4, it follows that \\x[ — xi\\i < S, 
\\x'^ - Xn\\n < S implies 

||(d/)(a:;,...,<)-(d/)(xi,...,x„)|| =|M/(xi,...,.<)-d/(xi,...,a;„)|| 

= \d\\\fix[,...,x'J~fix,,...,Xn)\\<e 
Therefore, according to the definition 3.4.1, multivariable map c? / is continuous. □ 

Theorem 3.4.5. Product of the continuous polylinear map f over scalar d E D 
is continuous polylinear map. 

Proof. The theorem follows from theorems [6]-1.8, 3.4.4. □ 

Theorem 3.4.6. The set C{D; Ai, An] A) of continuous multivariable maps 
is D-module. 

Proof. The theorem follows from theorems 3.4.2, 3.4.4. □ 

Theorem 3.4.7. The set CC{D] Ai, An] A) of continuous polylinear maps 
is D-module. 

Proof. The theorem follows from theorems 3.4.3, 3.4.5. □ 

Let Ai be Z?-module with norm ||a;||i. Let A2 be _D-module with norm ||.t|[2. 
Let ^3 be Z?-module with norm ||x||3. Since C{D] A2] A^i) is _D-module with norm 
||/||2-3, then we can consider continuous map 

(3.4.4) h: Ai^ C{D]A2]A:i) 
Since ai £ Ai, then 

ho ai : A2 ^ A^ 
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is continuous map. According to the theorem 3.3.14 

(3.4.5) ||a3||3 < ||/ioai||2.3||a2||2 

Since C{D] Ai;C{D] A2; A3)) is normed D-module, then according to the theorem 
3.3.14 

(3.4.6) ||/ioai||2.3< ||/i||||ai|li 
From inequahties (3.4.5), (3.4.6), it fohows that 

(3.4.7) ||a3||3< ||/i||||ai||i||a2||2 
We can consider the map (3.4.4) as bihnear map 

(3.4.8) / : Ai X A2 ^ A3 
defined by rule 

/ o (ai, 02) = {ho fli) o a2 

Based on theorems 3.3.7, 3.3.14 and inequality (3.4.7), we define the norm of the 
bilinear map / by the equation 

ioAc,\ iifii 11/ o (ai,a2)||3 

3.4.9 / =sup— — — -— 

ll«i||i I|a2||2 

If we proceed by induction over number of variables, we can generalize the 
definition of norm of bilinear map. 

Definition 3.4.8. Let A^, i = 1, n, be Banach D-algebra with norm \\x\\i. 
Let A be Banach D-algebra with norm Let 

/ : Ai X ... X A„ ^ A 

be polylinear map. Value 

is called norm of polylinear map /. □ 

Theorem 3.4.9. Let Ai, i ~ 1, n, he Banach D-module with norm \\x\\i. 
Let A he Banach D-module with norm \\x\\. Let 

/ : Ai X ... X A„ ^ A 

he polylinear map. Then 

(3.4.11) 11/11 = sM||/o(xi,...,x„)|| : \\x,h = l,l<i<n} 

Proof. From the definition 2.1.13 and the theorems 3.1.15, 3.1.16, it follows 

that 

(3.4.12) /(rixi,...,r„a;„) = ri...r„/(xi,...,x„) ri,...,r„Gi? 

From the equation (3.4.12) and the statement 3.2.1.4, it follows that 

WfjriXi, ...,r„a:„)|| ^ |ri|...|r„| [|/(xi, x„)|| ^ ||/(xi, x„)|| 
||ria;i||i...||r„a:;„|j„ |ri| ||x||i...|r„| ||a;,i||„ ||.ti||i...||x„||„ 
1 

Assuming r = - — r— , we get 

IfIIi 

(3.4.13) \\f[xu...,xr, 



ll^l|l...|kl|n 



Xl 



\xi\\i ||a;„||„ 
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Equation (3.4.11) follows from equations (3.4.13) and (3.4.10). □ 

Theorem 3.4.10. Let Ai, i = 1, n, be Banach D-module with norm \\x\\i. 
Let A be Banach D-module with norm \\x\\. Let 

f : Aix ...X An^ A 

be polylinear map. Then 

(3.4.14) ||/o(xi,...,a:„)|| < ||/|j ||a;i||i...||x„||„ 

Proof. According to the statement 3.2.1.4 



(3.4.15) 



1 



a;i 1 



-Xl 



1 



a;i 1 



1 1 r 



From the theorem 3.4.9 and the equation (3.4.15), it follows that 



(3.4.16) 



1 



-/ o (xi, ...,x„) 



1 



1 



-X'l, ... 



I -^n 1 1 n 1 



< 



.Tl II 1... ||„ 

From the statement 3.2.1.4 and the equation (3.4.16), it follows that 

1 



(3.4.17) 



-||/o(a;i,...,a;„)|| < 



lFi||i...||a;„||„ 

The inequality (3.4.14) follows from the inequality (3.4.17). □ 

Let Ai^ « = 1, be Banach D-module with norm \\x\\i. Let A be Banach 

ZJ-module with norm ||a;||. We can represent polylinear map 

/ : X ... X yl„ -> A 

in the following form 

(3.4.18) / o (xi, ...,x„) = {ho (xi, ...,a;„_i)) o Xn 
where 

/i : Ai X ... X An-i C{D] A„; A) 

is polylinear map. 

Theorem 3.4.11. Since the map f is continues, then the map ft,o(ai, ...,a„_i) 
is also continues. 

Proof. According to the definition 3.4.1, for every as small as we please e > 
there exist such (5 > 0, that 

\\x[-Xi\\i<S ... \\x'„ - Xn\\n < S 

implies 

11/ o {x[,...,x'J - / o (xi, ...,x„)|| < e 
Therefore, for every as small as we please e > there exist such (5 > 0, that 
\\x'n - x„\\„ < S implies 

(3.4.19) 11/ o {xi,...,x„-i,x'„) - / o (xi, ...,x„_i,x„)|| < e 

From the equation (3.4.18) and inequality (3.4.19) it follows that for every as small 
as we please e > there exist such S > 0, that ||x^ — x„||„ < (5 implies 

\\{ho (xi, ...,x„_i)) o xjj - {ho (xi, ...,x„_i)) o x„|| < e 

According to the definition 3.3.1, the map h o (xi, ...,x„_i) is continuous. □ 
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Theorem 3.4.12. Since the map f is continues, then the map h is also con- 
tinues. 

Proof. According to the definition 3.4.1, for every as small as we please e > 
there exist such 6 > 0, that 

||a;i - xilli < (5 ... \\x'^ - Xn\\n < S 

implies 

11/ o {x[,...,x'„) - f o{xi, ...,Xn)\\ < e 
Therefore, for every as small as we please e > there exist such 6 > 0, that 

\\x[~xi\\i<5 ... \\x'„_i - x„-i\\„-i < 6 

implies 

(3.4.20) 11/ o {x[,...,x'„_i,Xn) - / o (xi, ...,x„_i,x„)|| < e||x„||„ 

From the equation (3.4.18) and inequality (3.4.20) it follows that for every as small 
as we please e > there exist such S > Q, that 

||a;i - xilli < (5 ... - a::„„i|l„_i < (5 

implies 

\\{ho {x[, ...,a;^_i)) o Xn - {h o (xi, ...,x„-i)) ox„|| 

(3.4.21) =11 (/i ° {x'l, ...,a;^_i) - ho {xi, Xn-i)) o x„\\ 

<£\\Xn\\n 

From the inequality (3.4.21) it follows that for every as small as we please e > 
there exist such 5 > 0, that 

llx-'l - Xllli < 5 ... \\x'^_^ ~ Xn-l\\n-l < S 

implies 

fo4 00\ II (/t O (x'l, ...,x;_i) - ho (Xi, Xn-l)) ox^W ^ 

^ ' \\xjn 

According to the definition (3.3.8) 

||/io {x[,...,x'„_i) - ho (xi, ...,a;„_i)|| 

(3.4.23) ^ ||(/7. O {x[,...,x'„_i) - ho {xi,...,Xn-l)) ° Xn\\ 



From inequalities (3.4.22), (3.4.23), it follows that for every as small as we please 
e > there exist such 6 > 0, that 

l|a;i - a^llll < ^ ••• Wx'n^i - Xn-l\\n-l < S 

implies 

(3.4.24) Who {x[,...,x'^_,) - ho {xi,...,x„.i)\\ <e 

According to the definition 3.3.1, the map h is continuous. □ 
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Theorem 3.4.13. 

f (1 CC{D-Ai,...,An;A) 

iff 

h e CC{D; A,,..., A^_,;CC{D; A„; A)) 

Remark 3.4.14. In other words, the polyhnear map / is continuous iff the map 
h is continuous and for any ai G Ai, a„_i £ An-i the map h o (ai, ...,a„_i) 
is continuous. 

Proof. From theorems 3.4.11, 3.4.12, it follows that continuity of maps h and 
h o (ai, a„_i) follows from continuity of the map /. 

Let maps h and h o (m, ...,an~i) be continuous. According to the definition 
3.4.1, to prove continuity of the map /, we need to estimate the difference 

(3.4.25) ||/o(x'i,...,x;)-/o(a;i,...,a;„)|| 

provided that 

(3-4.26) \\x[~x,\U<S ... \K^x^\U<S 

According to the equation (3.4.18), 

/o {x[,...,x'J -Jo {xi,...,Xn) 

^^^^^^ =(/io (x'i,...,x;_i)) oxjj - (/lo (a;i,...,.T„_i)) oa;„ 

^{h o {x[, ...,x'^_-^)) o x'^ - (/lo (xi,...,x^_i)) ox„ 

+ (/l O (x'l, ...,X^_i)) O Xn - {ho {xi,...,Xn-l)) O Xn 

According to the equation (3.4.27) and statement 3.2.1.4, 

\\f O {x[,...,x'^) - f O {xi,...,Xn)\\ 

(3.4.28) <\\{ho {x[, <_i)) o < - (/i o (x'l, ...,<_i)) o xj 

+ \\{ho{x[, ...,a;^_i)) oxn- {ho {xi, x^-i)) ox„|| 

According to the definition 3.3.1, for every as small as we please e > there exist 
such (Si > 0, that — a;„||„ < implies 

(3.4.29) \\{ho{x[,...,x',,_i))ox'„ - {ho{x[,...,x'^_i))oxn\\ < | 

Consider second term in right part of the inequality (3.4.28). 
3.4.13.1: Since x„ = 0, then 

\\{h o {x[,...,x'„_i)) oXn- {ho (xi, ...,Xn-i)) o a;«|| = < ^ 

3.4.13.2: So we assume x„ ^ 0. According to the definition 3.4.1, for every as small 
as we please e > there exist such S2 > 0, that ||a;- — Xi\\i < 62, I < i < n 
implies 

(3.4.30) l|/io(a;l,...,x;_i)-/io(xi,...,x„_i)|| < 

^ 1 1 -^n 1 1 n 
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From inequalities (3.4.30), (3.3.20), it follows that 

\\{h o {x[, ...,x'^_-^)) ox„- {ho (xi, ...,2;„_i)) oa;„|| 
(3 4 31) =\\{ho{x[, ...,<_i) - /lo (xi,...,a;„-i)) oa;„|| 

Therefore, in both cases 3.4.13.1, 3.4.13.2, for every as small as we please e > 
there exist such 82 > 0, that — Xi\\i < S2, 1 < i < n implies 

(3.4.32) \\{h o {x[,...,x'^^^)) o Xn - {ho (xi, x„_i)) o a;„|| < | 
Let 

5 = min((5i, ^2) 

From inequalities (3.4.28), (3.4.29), (3.4.32), it follows that for every as small as we 
please e > there exist such S2 > 0, that 

- xilli < (5 ... \\x'„~x„\\„<S 

implies 

ll/o (a;'i,...,0 ~ f o{xi, ...,Xn)\\ < e 
According to the definition 3.4.1, the map / is continues. □ 

Theorem 3.4.15. Let Ai, i = 1, n, he Banach D-module with norm \\x\\i. 
Let A he Banach D-module with norm \\x\\. Let 

/ : Ai X ... X An A 

he polylinear map. Let 

h:AiX...x An-i ^ C{D- A„; A) 
he polylinear map such that 

(3.4.33) /o (xi, ...,a;„) = {ho (xi, a;„_i)) o x„ 
Then 

(3.4.34) 11/11 = \\h\\ 
Proof. According to the definition 3.4.8 

(3.4.35) ||/io(xi,...,x„_i)|| < \\h\\ ||xi||i...||x„_i|]„_i 
According to the theorem 3.3.14 

(3.4.36) ll/o (xi, ...,x„)|! = \\{ho (xi, ...,x„_i)) ox„|| < \\ho (xi, ..,x„_i)|| ||x„||„ 
From inequalities (3.4.35), (3.4.36), it follows that 

(3.4.37) ||/o(xi,...,x„)|| < ||/i||||xi||i...||x„||„ 
According to the theorem 3.4.10 

(3.4.38) ||/o(xi,...,x„)|| < 11/11 ||xi||i...||x„||„ 

Based on theorem 3.4.10 and inequalities (3.4.37), (3.4.38), we get inequality 

(3.4.39) 11/11 < 
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From the equation (3.4.33) and incquahty (3.4.38), it follows that 

IOAAn\ ||(/to (xi,...,x„„i)) ox„)|| 

(3.4.40) < 11/11 ||a;i||i...||x„_i||„_i 

ll-^n II n 

From the definition 3.4.8 and inequality (3.4.40), it follows that 

(3.4.41) \\ho{xi,...,Xn-i)\\ < ll/II ||a;i||i...||x„_i||„_i 

Based on theorem 3.4.10 and inequalities (3.4.35), (3.4.41), we get inequality 

(3.4.42) \\h\\ < ll/II 

The equation (3.4.34) follows from inequalities (3.4.39), (3.4.42). □ 
Theorem 3.4.16. The polylinear map / is continues iff \\f\\ < oo. 

Proof. We prove the theorem by induction over number n of arguments of 
the map /. For ?i = 1, the theorem follows from the theorem 3.3.15. 

Let the theorem be true for n = k — 1. Let Ai, i = 1, be Banach 

D-module with norm ||a;||i. Let A be Banach iJ-module with norm ||a;||. We can 
represent polylinear map 

f : Ai X ... X Ak ^ A 

in the following form 

/o (ai,...,afe) ^ {ho (ai, ...,afc_i)) oak 

where 

h:AiX...x Ak-i C{D;Ak;A) 
is polylinear map. According to the theorem 3.4.12, the map h is continuous poly- 
linear map of fc — 1 variables. According to the induction assumption, \\h\\ < oo. 
According to the theorem 3.4.15, ||/|| = ||/i|| < oo. □ 

3.5. _D-algebra with Schauder basis 

Definition 3.5.1. Let A be Banach D-module.'''^ A sequence of vectors e = 
is called Schauder basis if 

• The set of vectors is linear independent. 

• For each vector a £ A, there exists unique sequence {a*}^]^, a* G D, 
such that 

n 

a = Ci = lim > a* 

Tl— fOO ^ ^ 

i=l 

The sequence {a'j^j^, a' S D, is called coordinates of vector 

a = a^Ci 

relative to Schauder basis e. □ 

Let e be Schauder basis of Banach D-module A. We say that the expansion 

a = a* ei 

of vector a E A relative to the basis e converges. 

Theorem 3.5.2. Lete be Schauder basis of Banach D-module A. Then \\a\\ < 
oo for any vector a G A. 



^•^The definition 3.-5. 1 is based on the definition [l]-4.6, p. 182, and lemma [l]-4.7, p. 183. 
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Proof. From the theorem 3.2.2. it follows that we cannot define \\a — b\\ if 
||a|| = oo . Therefore, we cannot expand a relative to Schauder basis. □ 

Theorem 3.5.3. Let e be Schauder basis of Banach D-module A. Let be 
coordinates of vector a relative to the basis e. Then for every e Cz R, e > 0, there 
exists positive integer no depending on e and such, that 



(3.5.1) 
(3.5.2) 

for every p, q > Uq. 



i—p 



< e 



< e 



Proof. The inequality (3.5.1) follows from definitions 3.2.4, 3.5.1. The in- 
equality (3.5.2) follows from definitions 3.2.5, 3.5.1. □ 

Theorem 3.5.4. Let ai A, i £ L , finite set of vectors of Banach D-module 
A with Schauder basis e. Ther?'^''^ 



(3.5.3) 



span{ai, i E L) C A 



Proof. To prove the statement (3.5.3), it suffices to prove the following state- 
ments. 

• If ai, 02 £ A, then ai + 02 (z A. 

Since ai, 02 € A, then, according to the theorem 3.5.3, there exists 
positive integer no depending on e and such, that 



< 



for every p, q > uq. From inequalities (3.5.4) it follows that 





1 




9 


(3.5.4) 




€ 

<2 






i—p 




i—p 





9 




q 




q 




q 




(3.5.5) 


^(ai+4)ei 




^(oj Ci -1- 02 ei) 


< 




+ 


ei 


< e 




i—p 




i—p 




i—p 




i—p 





From inequality (3.5.5) it follows that sequence 



(3.5.6) 



an Ci 



is fundamental sequence. 
• If a € A, d e D, then da € A. 

Since a E A, d E D, then, according to the theorem 3.5.3, there 
exists positive integer hq depending on e and such, that 



(3.5.7) 



< 



Ml 



3.10< 



See the definition [5]-4.5.1 of linear span in vector space. 
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for every p, q > uq. From inequality (3.5.7) it follows that 



(3.5.8) 


9 

d a' e; 


<\d\ 


q 


< e 




i—p 




i—p 





(3.5.9) 



From inequality (3.5.8) it follows that sequence 

9 



is fundamental sequence. 

Theorem 3.5.5. Lete be Schauder basis of Banach D-module A. Then 

\\ei\\ < 00 

for any vector Ci . 

Proof. Let for i = j, \\ej\\ = oo. For any n > j 



□ 



E' 



<^l|a^ei||=5;]|a^|||e,||=oo 



if for sequence {a'j^j^, a* g D, it is true that a-' 7^ 0. Therefore, we cannot say 
whether the vector 



is defined. 



□ 



Without loss of generality, we can assume that the basis e is normal basis. If 
we assume that the norm of the vector is different from 1, then we can replace 
this vector by the vector 

1 



' \\e.\r 

According to the corollary 3.3.10, dual basis also is normal basis. 

Theorem 3.5.6. Lete he normal Schauder basis of Banach D-module A. Let 
'2* 6 ^6 such sequence that 

00 



i=l 



Then there exists limit'^'^^ 
(3.5.10) 



lim ( 



a = a Ci = um > a e,; 

j=l 



Proof. Existence of the limit (3.5.10) follows from the inequality 



(3.5.11) 



E 



a Ci 



<EK 

i=l 



EK 



since the inequality (3.5.11) is preserved in passing to the limit n — > 00. 



□ 



3.11 



See similar theorems [3], page 60, [14], pages 264, 295, [9], pages 319, 329. 
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Let e be normal Schauder basis of Banach £)-module A. If 

oo 

^|a*| < oo 

i=l 

then wc say that the expansion 

a = Ci 

of vector a € A relative to the basis e converges normally.'^ We denote 

oo 

A+(f) = {a e A : a = a'' e.i, ^ \a'\ < 00} 

i=l 

the set of vectors whose expansion relative to the basis e converges normally. 

Theorem 3.5.7. Let e be normal Schauder basis of Banach D-module A. If 
expansion of vector a € A relative to the basis e converges normally, then 

00 

(3.5.12) ll«ll<El«'l 

i=l 

Proof. From the statement 3.2.1.3, it follows that 

00 

(3.5.13) ||a||<5]|a^|||e,|| 

1=1 

The inequation (3.5.12) follows from the inequation (3.5.13) and the statement that 
Schauder basis e is a normal basis. □ 



Theorem 3.5.8. Let 

/_: Ai^A2 

be map of D-module Ai with basis e\ into D-module A2 with Schauder basis 62. 
Let fj be coordinates of the map f relative to bases ei and 62- Then sequence 

n 

(3.5.14) E/^2.i 

i=l 

has limit for any j . 

Proof. The theorem follows from the equation 

/ ° ei j = fj e2.i 

□ 

Theorem 3.5.9. Let 

/ : -> A2 

be map of D-module Ai with norm \\x\\i and normal basis ei into D-module A2 
with norm \\y\\2 and Schauder basis 62. Then 

(3.5.15) ||/oei.,||2< 11/11 
for any i. 



3.12rpj^g definition of normal convergence of the expansion of vector relative to basis is similar to 
the definition of normal convergence of the series. See [16], page 12. 
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Proof. According to the theorem 3.3.7 and the definition 3.2.3, the inequality 

(3.5.15) follows from the inequality 

||/oei.,||2< 11/11 \\e,.,\U 

□ 

Remark 3.5.10. The theorem 3.5.8 determines constraint on coordinates of 
map of D-module with Schauder basis. However, we can make this constraint 
more stronger. Let Ai be D-module with normal Schauder basis ei . Let A2 be D- 
module with normal Schauder basis 62- According to the theorem 2.1.12, ZJ-module 
£{D]Ai;A2) has basis (62,62.;). Since the basis of D-module jC{D;Ai;A2) is 
countable basis and D-module C{D;Ai\A2) has norm, then we require considered 
basis to be Schauder basis. According to the definition 3.5.1, there exists limit 

in n 

(3.5.16) lim lim VV/;(e^e2.i) 

3=1 i=l 

The existence of the limit (3.5.16) implies existence of limit of sequence (3.5.14). 
However, the existence of the limit (3.5.16) also implies that 



lim 



,62. 



= 



□ 



Theorem 3.5.11. Let 

f : Ai^A2 

be linear map of D -module Ai with norm \\x\\i and normal Schauder basis ei into 
D-module A2 with norm \\y\\2 and normal Schauder basis 62. For any e £ i?, e > 0, 
there exist N , M such that 



(3.5.17) 



|/,*|<e i>N j>M 



Proof. According to the remark 3.5.10, the set of maps (ej,62 j) is Schauder 
basis of D-module C{D; Ai; A2). Therefore, expansion 

/ = //(el,e2.^) 

of map / convergies. According to the theorem 3.5.3, for any e G R, e > 0, there 
exist A'', AI such that 



(3.5.18) 



II /i (61,62.,-) II <e i>N j>M 



According to the corollary 3.3.12, inequation (3.5.17) follows from the inequation 
(3.5.18). □ 

Theorem 3.5.12. Let 

f:Ai~^A2 

be linear map of D-module Ai with norm \\x\\i and normal Schauder basis ei into 
D-module A2 with norm \\y\\2 and normal Schauder basis 62. There exists F < 00 
such that 



(3.5.19) 



l/jl < F 
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Proof. According to the theorem 3.5.11, for given e e i?, e > 0, there exist 
N, M such that 

|/j|<e i>N j>M 
Since A'', M are finite, then there exists 

Fi = max{|/j|, l<i<N,l<j<M} 
We get the inequation (3.5.19), if assume 

F = max(Fi , e) 

□ 

Theorem 3.5.13. Let 

f:Ai^A2 

be linear map of D -module Ai with norm \\x\\i and normal Schauder basis ei into 
D-module A2 with norm \\y\\2 and Schauder basis 62. Let ||/|| < 00. Then for 
any 

(3.5.20) aieA^(fi) ai = a{ei.i 
the image 

(3.5.21) a2 = f o fli a| = a{fj a2 = a| 62. i 
is defined properly, 02 G ^^(62). 

Proof. From the equation (3.5.20) and the theorem 3.5.9, it follows that 
00 00 00 

(3.5.22) E = E 11/ ° ''^-^h < 11/11 E < °° 

i—1 i—1 i—1 

From inequality (3.5.22) it follows that 

CXD CXD CXD 

(3.5.23) E = E 11^1-112 = E < ^ 

i—1 i—1 i—1 

According to the theorem 3.5.6, image of ai E Ai under the map / is defined 
properly. □ 

Remark 3.5.14. From the proof of the theorem 3.5.13, we see that the re- 
quirement of normal convergence of expansion of vector relative to normal basis is 
essential. According to the remark 3.5.10, if Ai, i = 1,2, is I?-module with normal 
Schauder basis Ci, then the set C{D; Ai; A2) is ZJ-module with normal Schauder 
basis (ei,e^) . We denote £+(1); Ai(ei); ^2(62)) the set of linear maps whose 
expansion relative to the basis (ei , ) converges normally. □ 

Theorem 3.5.15. Let Ai be D-module with norm \\x\\i and normal Schauder 
basis ei. Let A2 be D-module with norm \\x\\2 and normal Schauder basis 62. Let 
a map 

f eC+{D;A,{fiy,A2if2)) 

Then 

CXD CXD 

ii/ii<EEi/ii 
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Proof. According to the corollary 3.3.12, the basis (ei,e^) is normal Schauder 
basis. The theorem follows from the theorem 3.5.7. □ 

Corollary 3.5.16. Let Ai be D -module with norm \\x\\i and normal Schauder 
basis ei. Let A2 be D -module with norm \\x\\2 and normal Schauder basis 62. Let 
a map 

/e/:+p;Ai(fi);A2(f2)) 
Then 11/11 <oo. □ 

Theorem 3.5.17. Let at > 0, 6^ > 0, i = 1, ...,n. Then 

n n n 

(3.5.24) ^a,5, <^a,^6, 

i—l i—1 i—1 

Proof. We prove the theorem by induction over n. 

The inequation (3.5.24) for n = 2 follows from the inequation 

(3.5.25) aibi + a252 < (ai + a2)(6i + 62) = ai^i + aib2 + 02^1 + 02^2 
Let the inequation (3.5.24) is true for n = k — 1. The inequation 

fe-i /fc-i \ /fe-i \ 

(3.5.26) + ^ [Yl + [Yl ^' + 

follows from the inequation (3.5.25). From the inequation (3.5.26) it follows that 
the inequation (3.5.24) is true for n = k. □ 

Theorem 3.5.18. Let ai > 0, bi > 0, i = 1, ...,00. Then 

00 CO 00 

(3.5.27) ^a,6, <^a,^6, 

i—1 i—1 i—1 

Proof. The theorem follows from the theorem reftheorem: s — ab — js — a — s — b- 
when n — > 00. □ 

Theorem 3.5.19. Let Ai, i = 1, 2, 3, be D-module with norm \\x\\i and normal 
Schauder basis e, . Let a map 

f eC+{D;Ai{^,y,A2{^2)) 

Let a map 

g e /:+(/?; ^2(12); A3 (fa)) 

Then a map 

50 /e £+(/?; Ai(fi);A3(f3)) 
Proof. According to the statement 3.2.1.3, 



k 
j 

k=l 



00 



k=l 



(3.5.28) |(5o/)}| 
From the theorem 3.5.18 and the inequation (3.5.28), it follows that 

oo oo 

(3.5.29) l(5°/)jl<ElffelEl/'l 



3.5. Z)-algcbra with Schaudcr basis 
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From the inequation (3.5.29), it follows that 



i=lj = l i=lj = l \a!=1 fe=l / 

(3.5.30) . X 

/ OO OO \ / oo oo \ 

- EEi^^i EEi/fi <- 

The theorem foUows from the inequation (3.5.30). □ 

Theorem 3.5.20. Let Aj, i — 1, n, he D-module with norm \\x\\i and 
normal Schauder basis e^. Let A be D-module with norm \\x\\ and normal Schauder 
basis e. Let 

f : Ai X ... X An A 

be poly linear map, ||/|| < oo. Let ai€Af{ei). Then 

a = / o (ai, ...,a„) aeA+{f) 

Proof. Wc will prove the theorem by induction on n. 

For n ~ 1, the statement of the theorem follows from the theorem 3.5.13. 

Let the statement of the theorem is true for n = A; — 1. Let 

/ : Ai X ... X Ak-i A 

be polylinear map, ||/|| < oo. We can represent the map / as composition of 
maps 

/o (ai,...,afc) = (ho {ai, ...,ak-i)) o Ok 
According to the theorem 3.4.15, \\h\\ < oo. According to the induction assump- 
tion 

ho{xi,...,Xk-i) e C+{D;Ak;A) 
According to the theorem 3.4.10, 

\\h o (xi, ...,a;fe_i)|| < oo 
According to the theorem 3.5.13 

{h o {xi,...,Xk-i)) o Xk e A+(e) 

□ 

According to the definition [7J-2.2.1, algebra is a module in which the product 
is defined as bilinear map 

xy = C{x,y) 

We require 

||C|| < oo 

Convention 3.5.21. Lete be Schauder basis of free D-algebra A. The product 
of basis vectors in D-algebra A is defined according to rule 

(3.5.31) CiCj = C^jCk 
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where C^^ are structural constants o/ZJ-a^^efera ^. Since the product of vectors 
of the basis e of D-algebra A is a vector of D-algebra A, then we require that the 
sequence 

oo 

fc=l 

has limit for any i, j ■ □ 
Theorem 3.5.22. Lete be Schaudcr basis of free D-algebra. Then for any 
a = a b = b^ Ci a,b&A^{e) 
product defined according to rule 

(3.5.32) (abf=C^ja'lP 
is defined properly. Under this condition 

a, be => ab G A+{f) 

Proof. Since the product in the algebra is a bilinear map, then we can write 
the product of a and b as 

(3.5.33) ab — aVeiej 
From equations (3.5.31), (3.5.33), it follows that 

(3.5.34) ab = o'VC^jeu 

Since e is a basis of the algebra A, then the equation (3.5.32) follows from the 
equation (3.5.34). 

From the theorem 3.5.20, it follows that 

a,b e A+(f) ab e ^+(1) 

□ 
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Ahhotali,M5I. B KHHre paccMaTpHBaeTCsi CTpyKxypa ZP-MO^yjiH, KOTOpbifl hmc- 
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FjiaBa 1 

Ilpe^HCJioBHe 



1.1. IIpeflHCJioBHe 

IlycTij D - KOMMyTRTHBHoe KOjii>n,o xapaKTepHCTHKH 0. B STOii KHHre a pac- 
CMaTpHBaio cbo6o;i,hijIh _D-Mo;i,yjii>, KOTopbiii HMeeT cneTHBiH 6a3HC. Otjihhhc c^ieT- 
Horo 6a3Hca ot KOHCiHoro coctoht b tom, hto hc jiio6aa jiHHeiiHaa KOMno3Hii;HH 

BCKTOpOB HMeeT CMblCJI. 

HTo6bi noHCHHTb 3TO yTBepjKfleHiie, npe^nojioiKHM, ^^to D-MOflym> A co c^eT- 
HbiM 6a3HCOM e HBjiaeTCH HopMHpoBaHHbiM D-Mopyjiem. Ecjih OTKasaTBca ot ipe- 
6oBaHHH, HTO pasjiojKeHHe 

a = a^Ci 

BeKTopa a OTHOCHTejibHO 6a3Hca e HBjiaeTCH cxo;i,hiii;hmch paflOM. to mm paspymaeM 
TonojiorHK), nopo}K/i,eHHyio HopMofi. Ecjiii HopMa b D-MO^yjie ne onpe/i,ejieHa, to 
y Hac HeT HHCTpyMenTa, no3BOjiHioiLi;ero OTOJKflecTBHTb seKTop h ero pasjiojKeHne 
OTHOCHTejibHO 6a3Hca, ecjiH see K03(|)4)Hn,HeHTM otjihtihi>i ot 0. 

IloaTOMy, ecjiH Z?-MOflyjib HMeei CHeTHbiii 6a3HC, to mbi paccMaTpHBaeM flBe 
bo3mo>khocth. Ecjih nac ne HHTepecyeT TonojiorHH i'-MO^yjiH, to mm paccMaTpn- 
BaeM 6a3iic FaMejia (onpeflejienne 2.3.1). Ecjih HopMa onpeflejieiia b D-Mopyjie, to 
Mti paccMaTpHBacM 6a3HC Illayflepa (onpcflejieHHe 3.5.1). 

0;i,HaK0 B cjiy^ae 6a3Hca LEIayflepa, Tpe6oBaHHe cxo^hmocth pasjiojKeHiia bck- 
Topa OTHOCHTCjibHO 6a3Hca He Bcerfla floCTaTO^iHO. IIpH H3yHeHHH jtHHeiiHoro oto6- 

pajKCHHil MBI paCCMaipiIBaeM BCKTOPBI, paSJIOJKeHHe KOTOptlX OTHOCHTCJIbHO 5a3H- 
Ca CXOflHTCH HOpMajIBHO. 

1.2. CorjiameHHH 

CorjiAUiEHHE 1.2.1. B eupajtcenuu euda 

npednoAazaemcfi cyMMa no undeKcy s. □ 

CorjlALUEHHE 1.2.2. Uycmb A - ceo6odHasi kohchho Mepnan aAze6pa. Upu paa- 
Mocucenuu DAeMenma aAge6pu A omHocumeAtiHO 6a3uca e mu noAt>3yeMCM odnou u 
moil 3tce Kopneeou 6yK60u Sah oBoaHaucHUR omogo DAeMenma u ezo Koopdunam. 
OdnaKO e aAze6pe ne npuHsimo ucnoAb3oeamb eeKmopnue o6o3HaueHUH. B eupa- 
DKCHUU a? He MCHO - 31710 KOMnoHCHma pasAODKeHUH SAeMewma a omHocumeAbHO 
6a3uca uau smo onepav,uji eoaeedenun e cmenewb. /(aji oBACzneHUfi Hmenuji mcK- 
cma MU 6ydeM uudenc SAeMenma aAze6pu eudeAsimb "neemoM. HanpuMcp, 

a = a^e-i 

□ 
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1. IlpCflHCJIOBHe 



Be3 coMHeHHH, y HiiTRTejiH MoryT 6biTb Bonpocbi, saMenanHH, BOspajKenHH. 51 
6yfly npH3HaTejieH jiio6oMy 0T3i>iBy. 



FjiaBa 2 



BasHC FaMejia 

2.1. MoflyjiB 

Teopema 2.1.1. Uycmb KOAbu^o D UMeem eduHum/ e. UpedcmaejieHue^'^ 

(2.1.1) J:D-*^A 

KOAbi^a D e a6eAeeou zpynne A acJxJieKTHBHO mozda u moAtKO mogda, Kozda U3 
paeeHcmea f{a) = CAedyem a ~ 0. 

^OKASATEJTbCTBO. CyMMa npeoGpasoBaHHH fug aGejiCBOii rpynnti onpefle- 
jiHeTCH corjiacHO npaBHjiy 

(f + g)oa = foa + goa 

HosTOMy, paccMaTpHBaa npe^CTaBjieniie KOjibD;a D b aSejieBoii rpynne A, mbi no- 
jiaraeM 

f{a + b) o X = f{a) o X + f{b) o x 
IIpoHSBefleHHe npeo6pa30BaHHii npe;i,CTaBjieHHH onpe;i,ejieHO corjiacHO npaBHjiy 

fiab) = fia)of{b) 
EcjiH a, b Cz R nopojKflaiOT o^ho h to me npeo6pa30BaHHe, to 

(2.1.2) f{a)om = f{b)om 

jlJiR jiio6oro m ^ A. Hs paBencTBa (2.1.2) cjie^yeT, hto a — b nopojKflacT nyjieBoe 
npeo6pa30BaHHe 

f{a — b) o m = 

3jieMeHT e + a — 6 nopojKflacT TOJKflecTBCHHoe npeoGpasoBaHHC. Cjie;i,OBaTejibHO, 
npeflCTaBjieHHe / scJxJjeKTHBHO Tor^a h tojibko Tor^a, Kor^a a — b. □ 

OnPEflEJTEHHE 2.1.2. IlycTb D - KOMMyTaTHBHoe KOjibri,o. 34)4)eKTHBHoe npe/i,- 
CTaBjiCHHe KOjibLi,a D b aSejieBoii rpynne A nasbiBaeTca MOflyjieM na^ KOJibii;oM 
D HjiH D-MOfsyjiem. □ 

Teopema 2.1.3. SAeMemnu D-ModyAJi A ydoeAemeopsimm coomHomeHUJiM: 

• SaKOHy aCCOLi;HaTHBHOCTH 

(2.1.3) (ab) o m ~ a o (b o m) 

• SaKOHy ^HCTpH6yTHBHOCTH 

(2.1.4) a o [m, + n) = aom + aon 

(2.1.5) (a + 6) o m = am + bm 

^'^9tot noflpasfleji Hanncan na ochobb pasflejia [7]-2.1. 
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2. BasHC FaMCjia 



• 3aKOHy yHHTapHOCTH 

(2.1.6) Im = m 

dAsi AwBux a, b E D , m, n E A. 

^OKASATEJTbCTBO. PaBCHCTBO (2.1.4) cjicflycT H3 yTBepjKfleHHH, HTO npeo6- 
pasoBaHHe a HBjiaeTCH 3HflOMop4)H3MOM a6ejieB0H rpynnti. PaBencTBO (2.1.5) cjie- 
H3 yTBepjKfleHHH, hto npeflCTaBjiCHHe HBjiaeTCH roMOMop4)H3MOM a;mHTHB- 
Hoit rpynnti KOJibn,a D. PaBencTBa (2.1.3) h (2.1.6) cjie;i,yiOT h3 yTBepjKfleHHH, hto 
npeflCTaBjieHHe KOjiBn,a D HBjiaeTCH npeflCTaBjienneM MyjibTiinjiHKaTHBHOii rpynnbi 
KOjibLi;a D. □ 

BeKTopbi Qi, i E I, D-MO^yjiH A D-jiHHeHHO neaaBHCHMti^'^, ecjiH c = 
cjie^yeT hs ypaBHeniiH 

c^ai = 

B npoTHBHOM cjiynae, BeKTopbi Ui, z G /, D-JiHHeiiHO saBHCHMfai. 

OnPEflEJTEHHE 2.1.4. MnoxcecTBO BeKTopoB e = {ei,i G /) - D 6a3HC mo- 
fiyjisi, ecjiH BeKTopbi D-jiwaetoio He3aBHCiiMbi ii flo6aBjieHHe jiK)6oro BCKTopa k 
3TOH CHCTeMe flejiacT STy CHCTCMy D-jiHHeiiHO 3aBHCHM0H. A - CBo6o/i;HBiii mo- 
mrjib Ha/i; kojibli;om D, ecjiH A hmcct 6a3HC na^ KOjibii,OM D.^ '^ □ 

Cjie^romee onpeflejienHe aBjiHCTCH cjieflCTBiieM onpe;i,ejieHHii 2.1.2 h [8] -2. 2. 2. 

OnPEflEJlEHHE 2.1.5. HycTb Ai n A2 - Mo;i,yjiH nafl KOjibLi,OM D. Mop4)H3M 

f:A,^A2 

npeflCTaBjieHiia KOjibD;a D b a6ejieBOH rpynne Ai b npeflCTaBjieHne KOjibi];a D b 
aGejiCBOH rpynne A2 Ha3biBaeTca jiHHeiiHBiM OTo6pcLHceHHeM D-MOjiyjisi A\ b 

zj-Mo/^yjib n 

Teopema 2.1.6. JluneuHoe omo6paMceHue 

f:A,-^A2 

D-ModyAM Ai e D-ModyAt A2 ydoeAemeopMem paeeHcmeaM^'^ 

(2.1.7) fo{a + b)^foa + fob 

(2.1.8) f o {pa) ^ pif o a) 

a,b e Ai p e D 

^OKASATEJibCTBO. H3 onpeflCJienHH 2.1.5 h TeopeMbi [8]-2.2.18 cjieflycT, hto 
OTo6pajKeHHe g HBjiaeTCH roMOMop(J)H3MOM a6ejieBoii rpynnti ^1 b aGejiesy rpynny 
A2 (paBencTBO (2.1.7)). PaBencTBO (2.1.8) cjie^yeT h3 paBcncTBa [8]-(2.2.45). □ 

Teopema 2.1.7. Ilycm'b Ai u A2 - ModyAU Had KOAt>ii,OM D. MHomcecmeo 
C{D; Ai; A2) fieAsiemcfi a6eAeeou gpynnou omHocumeAmo saKona KOMno3uv,uu 

(2.1.9) {f + g)ox^fox + gox 
Komopuu Haaueaemcsi cyMMoft JiHHeiiHBix OToGpcUKeHHH. 



^■^51 cjiepym onpe^ejieHHro b [2], c. 100. 
^■•^51 cjieflyK) onpeflejieHHKj b [2], c. 103. 

^■^B HeKOToptix KHHrax (nanpHMep, [2], c. 94) TeopeMa 2.1.6 paccMaTpHBaeTCH KaK onpeflejie- 
Hue. 



2.1. Moflyjib 
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flOKASATEJTbCTBO. CorjiacHO onpcflejieHHio 2.1.5 

if + g)o{a + b) = fo{a + b)+go{a + b) 

=foa+fob+goa+gob 
= {.f + g)oa + {f + g)ob 

if + g) ° (do.) = f ° (do,) + g ° (da) 
^ df o a + dg o a 
= d{f + g) o a 

CjiyflOBaTejibHO, OToSpajKCHHe, onpeflejiCHHoe paBencTBOM (2.1.9), HBjiaeTCH jiii- 
HeiiHbiM OToSpajKeHHeM D-mopyjisi Ai b I?-MO^yjib A2. KoMMyTaTHBHOCTb h acco- 

D;HaTHBHOCTb CJIOJKeHIIH CJICflyeT H3 paBencTB 

{f + g)oa = foa + goa = goa + foa 
= {g + .f)°a 

((/ + g) + h)oa^{f + g)oa + hoa={foa + goa)+hoa 
~foa+{goa + hoa) — f o a + (g + h) o a 
^{f+{g + h))oa 

OnpeflejiHM OTo6pa>KeHHe o a; = 0. OneBiiflHO, G C{D;Ai]A2). Hs 

paBCHCTBa 

(0 + /)oa:; = Oox + /oa; = + /oa:; = /oa; 

cjie^yeT 

+ / = / 

OnpeflejiHM OTo6pajKeHHe 

(-/) ox = -(/ox) 
OneBiiflHO, —f<EC{D;Ai;A2). H3 paBencTBa 

((-/) +f)ox = (-/) ox + /ox = (~(/ox)) + /ox = = Oox 

cjieflyeT 

(-/) + / = o 

CjieflOBaTejibHO, MHOJKecTBO C{D; Ai; A2) HBjiaeTCH a6ejieBOH rpynnoii. □ 

Teopema 2.1.8. Uycmb Ai u A2 - ModyAU Had KOAbu,OM D. UpedcmaeMeHue 
KOAbii^a D e a6ejieBou zpynne C{D; Ai; A2), onpedeAeuHoe paeeHcmeoM 

(2.1.10) (df) o X ^ d{f o x) 

HaaueaemcH npoHSBe^eHHGM OTo6pajKeHHH Ha CKajinp. 9mo npedcmaeAeHue 
nopoDfcdaem cmpyKmypy D-ModyAJi e a6eAe60u zpynne C{D] Ai] A2). 

^OKASATEJIbCTBO. Ha paBenCTB 

[df) o [dia) = d{f o (dia)) = di{d{f o a)) = di{{df) o a) 
(df) o (ai + 02) = d{f o (ai + 02)) = d{f o ai + f o 03) 

= d{f o ai) + d{f o 02) = (df) oai + {df) o 02 
cjieflyeT, hto OToGpajKCHHe 

(2.1.11) f^df 
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2. Ba3HC FaMCjia 



HBjiaeTCH npeo6pa30BaHHeM MHOJKecTBa C{D] Ai \ A2). Hs paBencTsa 

{d{f + g))oa^ d{{f + g) o a) ^ d{f o a + g o a) 

= d{f o a) + d{g o a) = (df) o a + {dg) o a 

cjie^eT, HTO OToGpajKemie (2.1.11) HBjiaeTCH tomomopcJjhsmom aSejieBofl rpynnti 
£(-D; Ai; A2). CorjiacHO onpeflejienHio [7]-2.1.2, a6ejieBaH rpynna C{D\ Ai, A2) hb- 
jiaeTCH ZJ-MO^jieM. □ 

OnPEflEJTEHHE 2.1.9. IlycTb A - £)-MOflyjib. D-Mopym, A' = C{D;A;D) na- 
3biBaeTca conpH»ceHHbiM D-Mo^yjieM. □ 

CorjiacHO onpeflejiemiio 2.1.9, ajieMenTbi conpajKenHoro D-Mopyjisi hbjihiotch 
D-JIHHeHHblMH OTo6pajKeHHaMii 

(2.1.12) f:A^D 

D-jiHHeiiHoe OTo6pa}KeHHe (2.1.12) nasBiBaeTCH jihhghhmm 4)yHKLi,HOHajiOM Ha 
D-MOflyjie A hjih npocTO Z?-jiHHeHHL.iM 4)yHKii,HOHajioM. 

Teopema 2.1.10. Ilycmb e = (e^ S A,i € /) - 6a3uc D-Modynsi A. Ilycmb 
A' - D-ModyAb, conpjiatceHHUu D-ModyAW A. MHOotcecmeo eeKmopoe e — {e' G 
A', i £ /) maKou, nmo 

(2.1.13) e'oej=5i 
MBAJiemcji 6a3ucoM D-ModyAsi A' . 

^OKASATEJibCTBO. Hs paBeHCTBa (2.1.13) cjie^yeT, hto 

(2.1.14) e' o a = e' o (a^Cj) = a^e' o Cj) = 5] = 
IlycTb 

f:A^D 

jiHHeiiHoe OTo6pajKeHiie. Tor^a 

(2.1.15) / o a = / o (a'e,;) = a\f o e,) = a' h 
rfle fi = f ° Gi Hs paBBHCTB (2.1.14), (2.1.15) cjie^yeT, hto 

(2.1.16) ,f o a ^ fi{e^ o a) 
CorjiacHO onpeflejiennHM (2.1.9), (2.1.10) 

/ = he' 

CjieflOBaTCjiBHO, mhosccctbo e = (e' € A' , i G I) HBjiHeTCH SasHCOM Z?-M0^yjiH 
A'. □ 

Cjie/ICTBHE 2.1.11. Ilycmb e = (e^ € A,i G I) - 6a3uc D-ModyAM A. Tozda 



□ 

Basiic e = (e* e A', 7 G 7) nasbiBaeTCH 6a3HCOM, flBoiicTBeHHBiM 6a3Hcy 
1 = (ei e ^, i G /) . 



2.2. Ajirc6pa Hafl KOjibLi;oM 
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Teopema 2.1.12. Ilycmb ei = (ei.,- G ^i,i G /) - fiaaitc D-ModyAH A\. 
Uycmb 62 = {e-2-j & A2,j G J) - 6a3uc D-ModyAsi A2. MnoDfcecmeo ecKmopoe 
{e\,e2-j), i € I , j € J , onpedeACHHUx paeeHcmeoM 

(2.1.17) {el,e2-j) oa = (ej o a)e2-j 
MBAJiemcji 6a3ucoM D-ModyAM C{D; Ai; A2). 

^OKASATEJIbCTBO. IlyCTb 

/ : Ai ^ A2 

OTo6pa>KeHHe D-Mopyjin Ai c 6a3HCOM ei b D-Mopyjii, A2 c GasHCOM 62- IlycTb 
a G Ai, a = a*ei.i. CorjiacHO cjieflCTBHio 2.1.11 

(2.1.18) / o a = / o (a'ei.O = ° ei.i) = (e^ o a)(/ o ei-i) 
TaK KaK / o ei-i G ^2, to h3 paeeHCTBa (2.1.18) cjie^yeT 

(2.1.19) foa = {eloa)ffe2.j 
Ha paBencTB (2.1.17), (2.1.19) cjie^yeT 

.foa = fi{el,e2-:,)oa 

CjieflOBaTCjiBHO, 

/ = /f (el,e2..,) 

TaK KaK OTo6pa}KeHHH (2.1.17) jmneiiHO nesaBHCHMbi, to MHOJKecTBO sthx OTo6pa- 
jKeHHH sBjiaeTca 6a3HCOM. □ 

OnPEflEJiEHHE 2.1.13. IlycTb D - KOMMyTaTHBHoe KOjibn,o. IlycTb Ai, .... Am 
S - D-Mopyjm. Mbi GyflCM nasbiBaTb OToGpasKeniie 

/ : Ai X ... X An S 

nojiHJiHHefiHtiM OTo6pa»ceHHeM Mo;i,yjieH Ax, A„ b MO^yjib S, ecjiii 

/ o (ai, ...,ai + bi, a„) = f o (ai, a^, ...,a„) + / o (ai, 6,;, a„) 

/ o (ai, ...,_pai, ...,a„) = o (ai, ...,0^, ...,a„) 



l<i<n ai,bi ^ Ai p E D 
2.2. Ajire6pa Ha/i; kojibli;om 



□ 



OnPEflEJTEHHE 2.2.1. HycTb D - KOMMyiaTHBHoe KOjibii,o.'^"'' A - ajire6pa na/i, 
kojiijLI,om D HjiH £'-ajire6pa, ecjiii A - D-MOjiyjih 11 b A onpeflejiena onepaD,HH 
npoHSBeflCHHa" ■ *^ 

f:AxA^A 

rfle / 6HjiHHeHHoe OTo6pa}KeHHe 

(2.2.1) ab = fo{a,b) 

Ecjiii A siBjiJieTCH CBo6oflHijiM D-Mopyjiem, to A HasMBaeTCH CBo6o/i;Hoft ajire6- 
poii Ha^ KOJitii,OM D. □ 



^'^9tot pa3.neji HanncaH na ocHOBe pasflejia [7]-2.2. 

^■^51 cjie.i],yK) onpeflejieHHio, npHBeAenHOMy b [15|, c. 1, [11], c. 4. YTBep^KfleHHe, Bepnoe fljiH 



npoH3BOjibHoro D-MOflyjiH, BepHO TaKjKe ^jih D-ajire6pbi. 
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2. Ba3HC FaMCjia 



CorjiacHO nocTpoenHHM, BBinojiHenHbiM b pasflejiax [8]-4.4.2, [8]-4.4.3, flna- 
rpaMMa npeflCTaBjieHHii Z3-ajire6piji hmbct bh/i, 

DJ:^A—*^A /i,2(d) 

(2.2.2) :.,f^^^ f 2,3iv) ■■w-^ C{v,w) 

D C^C{A^-A) 

Ha ^HarpaMMe npeflCTaBjiCHHii (2.2.2), D - kojiijd;o, A - a6ejieBaH rpynna. Mbi 
cnepsa paccMaTpHBaeM BepTiiKajibHoe npe/i,CTaBjieHHe, a saieM ropHSOHTajibHbie. 

Teopema 2.2.2. UpouseedeHue e aAze6pe A ducmpu6ymu6H0 no omHomeHuw 

K CAOMCeHUm. 

^OKASATEJlbCTBO. yTBepjK^eHHe TeopeMBi cjie^yeT hs n,enoHKH paBencTB 
(a + b)c = f o [a + b,c) = f o (a, c) + / o (6, c) = ac + be 
a{b + c) ~ f o (a, b + c) ~ f o (a, b) + f o [a, c) — ab + ac 

□ 

OnPEflEJiEHHE 2.2.3. IlycTb Ai ii A2 - ajire6pbi nafl KOJibn,OM D. JlnneHHoe 
OTo6pa>KeHHe 

f ■.Ai^A2 

D-MOjiyjisi Ai B D-MOjiyjib A2 nasbiBaeTCH jiHHeiiHbiM OTo6pa:>KeHHeM Z?-ajire6- 
pbi Ai B D-ajire6py A2 . OGosnanHM MHOscecTBO jinneftHbix OToGpajKCHHii ajire6pbi 
Ai B ajire6py A2. □ 

Teopema 2.2.4. Ecau na D-ModyAe C{D] A; A) onpedeAumb npouaeedenue 

(2.2.3) {f og)oa = f o{goa) 
mo C{D; A; A) neAfiemcsi D-aAze6pou. 

^OKASATEJlbCTBO. Ha paBenCTB 

((/l + /2) og)oa = (/i + /2) o {g o a) = /i o {g o a) + /2 o [g o a) 
= (/l o .9) o a + (/2 o 5) o a = (/i o g + f2 ° g) ° a 
((#) o 5) o a = (d/) o (g o a) = d(/ o (g o a)) 
= d((/ ° .9) o a) = (d(/ o .9)) ° a 
if ° {91 + .92)) o a = / o ((51 + 32) o a) = / o (,9i o a + g2 o a) 
= / o (.91 ° a) + / ° (32 o a) 

= if ° .91) o a + (/ o .92) o a = (/ o .91 + / o .92) o a 
(/ o (dg)) o a = / o ((dg) o a) = / o (d(g o a)) = d(/ o (g o a)) 
= d{{.f o .9) o a) = (d(/ o g)) o a 

cjieflyeT, hto OTo6pajKeHHe fog 6HjiHHeHH0. CorjiacHO onpe^ejieHHio 2.2.1, D- 
Mopyjib C{D; A; A) HBjiJieTCH _D-ajire6poH. □ 

HpoHSBefleHHe b ajire6pe mojkct 6biTb hii KOMMyTaTHBHtiM, hh accoii;HaTHB- 
HbiM. CjieflyiomHe onpeflejienHH ocHOBanbi na onpe^ejienHHx, flaHHbiM b [15], c. 
13. 



2.2. Ajirc6pa Hafl KOjibLi;oM 
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OnPEflEJTEHHE 2.2.5. KoMMyxaTop 

[a, b] = ab — ba 

cjiyjKHT Mepoii KOMMyTaTHBHOCTii B D-ajire6pe A. D-ajire6pa A HasbiBaeTCH kom- 

MyTaTHBHoft, eCJIH 

[o, b]=0 

□ 

OnPEflEJTEHHE 2.2.6. AcCOI],HaTOp 

(2.2.4) {a,b,c) = {ab)c-a{bc) 

cjiyjKHT Mepoii accoLi;HaTHBHOCTH B D-ajire6pe A. D-ajireGpa A nasbiBaeTCH acco- 
i];HaTHBHoii, ecjiH 

(a, b,c) = 



OnPEflEJTEHHE 2.2.7. SLffpo D-ajireGpbi A - sto MHOJKecTBO'^ '' 
N{A) ^ {aeA:Vb,ce A, (a, 6, c) = {b, a, c) = (6, c, a) = 0} 

OnPEflEJTEHHE 2.2.8. Ll^eHTp D-ajire6pbi A - sto MHOJKecTBO^'^ 
Z{A) = {aeA:ae N{A),\fb eA,ab^ ba} 



□ 



□ 



□ 



Teopema 2.2.9. Uycm'b e - 6a3uc ceo6odHou KOHeuHOMepHOu aAzeSpu A Had 
KOAbv^oM D. Uycm'b 

a = a' Ci b = Ci a, 6 G A 
UpouaeedeHue a, b modkho noAyuumb cozAacHO npaeuAy 

(2.2.5) (ab)'' = C^ja'b^ 

gde C^ j - CTpyKTypHbie KOHCTaHTM ajire6pbi A nad KOAbv^oM D. Upouaeede- 
Hue 6a3UCHUx eeKmopoe e aAze6pe A onpedeACHO cozAacHO npaeuAy 

(2.2.6) eiCj = C%ek 

/],OKA3ATEJlbCTBO. PaBCHCTBO (2.2.6) SBJIHeTCH CJieflCTBIieM yTBepjKfleHHH, 

HTO e HBjiaeTCH 6a3HCOM ajire6piji A. Tax Kax npoHSBeflCHHe b ajire6pe aBjiHCTca 
GHjiiiHeiiHBiM OTo6pa>KeHHeM, to npoH3BefleHHe a h 6 mojkho aanncaTi. b Bii^e 

(2.2.7) ab = a'b->eiej 
M.3 paBCHCTB (2.2.6); (2.2.7), cjie^yeT 

(2.2.8) ab = a'VC^jCk 

TaK KaK e sBjiHeTca 6a3HCOM ajire6pBi A, to paBencTBO (2.2.5) cjie^yeT h3 paBCH- 
CTBa (2.2.8). □ 



^'"''Onpe/i^ejieHHe ^aHO Ha 6a3e aHajioriiMHoro onpe^ejieHUH b [15], c. 13 
^'^Onpe;i;ejieHne ^aHO Ha 6a3e aHajioriiMHoro onpe/^ejiennH b [15], c. 14 
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2. Ba3HC FaMCjia 



2.3. I?-ajire6pa c 6a3HCOM FaiviejiH 

EcjiH D-MO^yjib A HMecT chcthijIii 6a3HC e, to 6ecK0HeHHaa: cyMMa b D-MO^yjie 
A, BOo6me roBopH, ne onpeflejiena. Ecjih b D-mopyne A ne onpeflejiCHHO noHHTne 
HenpepbiBHOCTH, mbi 6yfleM onnpaTBCs na cjieflyiomee onpe^ejieHHe ([10], c. 223). 

OnPEflEJiEHHE 2.3.1. IlycTb D-Mopyjib A hmcbt c^ieTHtiH 6a3HC e = {6^}^^^. 
Ecjih jiio6oh sjieivieHT D-Mopyjin A HMeeT KoneHHoe paajioaceHne OTHOCHTejiBHO 
6a3Hca e, a HMeHHO, b paBCHCTBe 

a = a^Ci 

MHOJKecTBO SHai^eHHii € D, otjihhhbix ot 0, KoneHHO, to 6a3HC e nasbiBaeTCH 
6a3HCOM FaMejiH. IIocjieflOBaTejibHOCTb CKajiapoB {a*}^-^ naabiBaeTCH Koop- 
/],HHaTaMH BeKTopa 

a ~ a''ei 

OTHOCHTejibHO 6a3Hca FaMejiH e. □ 
Teopema 2.3.2. Uycmb 

f:Ai^A2 

omo6pacHceHue D-ModyAsi Ai c 6a3ucoM FaMCAH ei e D-ModyAb A2 c 6a3ucoM Fa- 
MtAH 62 . Uycmb f j - KoopduHamu omodpajKeHUH f omHocumeAtiHO Gaaucoe ei u 
62. Toeda Bam ak)6ozo j , MHOJtcecmeo aHaueHuu f jj, omAUHHUx om 0, kohchho. 

^OKASATEJibCTBO. YTBep^KfleHHe TeopeMM cjie^yeT h3 paBencTBa 

□ 

Teopema 2.3.3. Uycmb 

f:Ai^A2 

AUHCUHoe omo6paDtceHue D-ModyAsi Ai c 6a3ucoM FaMCAH ei e D-ModyAb A2 c 
6a3ucoM FaMCAH 62 . Fozda Bam Am6ozo ai G Ai , o6pa3 

(2.3.1) a2 = / o ai flj = a{f '- 02 = a| e2 i 

OnpedcACH KOppCKVlHO. 

^OKASATEJIbCTBO. IlyCTb 

(2.3.2) ai ^ Ai ai = a\ ei.i 

CorjiacHO onpeflejienHio 2.3.1, MHOscecTBO snaHeHHii a-*, otjihhhbix ot 0, KOHen- 
HO. HycTb fj - KOopflHHaTbi OTo6pajKeHHH / OTHOCHTejiBHO 6a3HCOB ei H 62. Co- 
rjiacHO TeopeMe 2.3.2, pjia jiio6oro j, MHO>KecTBO SHaHeHiiii /j, otjihhhbix ot 0, 

KOHCHHO. 06T>eflHHeHHe KOHeiHOrO MHOJKeCTBa KOHeHHMX MHO>KeCTB HBJiaeTCH KO- 
HeHHblM MHOJKeCTBOM. CjieflOBaTCJIBHO, MHOJKeCTBO 3HaHeHHH affj, OTJIHHHblX OT 0, 

KOHe^iHO. CorjiacHO onpeflejiemiio 2.3.1, BbipaaceuHe (2.3.1) sBjiaeTca pasjiojKemieM 
3jieMeHTa 02 OTHOCnTejiBHO 6a3Hca FaMejiH 62. □ 

CorjiALUEHHE 2.3.4. Uycmb e - 6a3uc FaMCAsi ceoBodnou D-aAze6pu A. Upo- 
useedcHuc 6a3UCHUx ecKmopoe e D-aAzc6pe A onpedeACHO cozAacHO npaeuAy 

(2.3.3) acj = C^jCk 



2.3. Z?-ajirc5pa c 5a3HCOM FaMCjiH 
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zde C^j - CTpyKTypHbie KOHCTaHTM D-ame6pu A. Tan Kan npouaeedenue een- 
mopoe 6a3ucae D-aAze6pu A sienfiemcsi ecKmopoM D-aAze6pu A. mo mu mpe6yeM, 
Hmo Bam ak)6ux i, j, MHOMcecmeo anaHeHuu Cfj, omnuHHUx om 0, kohchho. □ 

Teopema 2.3.5. Ilycm'b e - 6a3uc FaMCAJi ceoBodnoU D-aAze6pu A. Tozda Sam 
Aw6ux 

a = a' e,- h = V e,- a,b ^ A 
npouseedenue, onpedeAeimoe cozAacHO npaeuAy 

(2.3.4) {ahf = C^ja'V 
onpedeACHO KoppeKumo. 

^OKASATEJlbCTBO. TaK KRK npoH3BefleHHe b ajire6pe HBjiJieTCH GiijiHHefiHbiM 
OTo6pa»ceHHeM, to npoHSBeflCHHe a h 5 mojkho aaniicaTb b bh^b 

(2.3.5) ah = a'Vaej 
Ha paBencTB (2.3.3), (2.3.5), cjie^yeT 

(2.3.6) ab = a'VC^jCk 

TaK KaK e HBjisieTCH 6a3HCOM ajire6pbi A, to paBencTBO (2.3.4) cjie^CT h3 paBCH- 
CTBa (2.3.6). 

IIocKOjibKy 6a3HC e - 6a3HC Tamejisi, to 

• MHOJKeCTBO 3HaHeHHH a\ OTJIHHHBIX OT 0, KOHCHHO; 

• MHOJKeCTBO 3HaHeHHH 6 ' , OTJIinHblX OT 0, KOHeiHO. 

CjieflOBaTCjiBHO, MHOKecTBO npoH3BefleHHH a^tP , otjihhhbix ot 0, kohchho. ^jih 

JHoSblX i, j, MHOJKeCTBO 3HaHeHHH C^j, OTJIHHHblX OT 0, KOHCHHO. CjieflOBaTejIBHO, 

npoH3BefleHHe onpeflejieno paBencTBOM (2.3.4) KoppeKTHO. □ 

Teopema 2.3.6. Uycmb Ai, An - ceo6odHue aAze6pu Had KOMMymamue- 
HUM KOAbiijOM D. Uycmb Ei - 6a3uc FaMCAsi D-aAze6pu Ai. Tozda MHootcecmeo 
eCKmopoe e\.i^ ® ... ®en-in MSAJiemcM 6a3ucoM FaMCAJi meH3opHozo npou3eedeHUJi 
Ai (g) ... (g)^„. 

^OKASATEJTbCTBO. J^Jisi ^0Ka3aTejii>CTBa TeopeMbi mbi flOjiJKPibi paccMOTpeTb 
;i,HarpaMMy [7]-(2.5.4), KOTopoii mm nojib30BajiHCb pjia flOKa3aTejibCTBa TeopcMbi 
[7]-2.5.3 



(2.3.7) 




Ai X ... X An ^ M 

i 

HycTb Ml - MO^yjib na/i, kojibi^om D, nopojKfleHHbiii npoH3BefleHHeM Ai x ... x An 
£'-ajire6p Ai, An- 

• IlycTb BCKTop b e Ml HMeeT KoneHHoe pa3jiO}KeHHe OTHOCHTejiBHO GasHca 

Ai X ... X An 

b = b'{ai.i,...,an.i) i e h 
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2. BasHC FaMCjia 



rfle Ii - KOHeHHoe MHOJKecTBO. HycTb seKTop c G Mi hmbct KOHCHHoe 
pasjiojKemie OTHOCHTejibHO 6a3Hca Ai x ... x An 

c = c*(ai.i, a„.i) i£l2 

rfle /2 - KOHCHHOe MHOJKeCTBO. MHOJKeCTBO I = II U I2 HBJIHeTCH KOHen- 
HblM MHOJKeCTBOM. ITojIOJKHM 

b, = o ie 

Q = i e / \ /2 

Torfla 

& + c= (6' +c*)(ai.i,...,a„.i) ieJ 
rfle / - KOHeHHoe MHOJKecTBO. AnajiorKHHO, fljia d E D 

db = d6'(ai.i, ...,a„.,;) i £ /i 

rfle Ii - KOHCHHoe mhojkcctbo. CjieflOBaTejibHO, mbi flOKaaajiH cjieflyiomee 
y TBepjKfleHHe . ^ ■ ^ 

JIemma 2.3.7. MHOJKecTBO M BexTopoB MO^yjiH Mi, HMeiomHx ko- 
HCHHoe pasjiojKeHHe OTHOCHTejibHO 6a3Hca Ai x ... x A„, HBjiaeTCH nofl- 
MOflyjieM MOflyjiH Mi. 

HHteKn.Ha: 

j : Ai X ... X An s- A/ 

onpeflejiena no npaBJijiy 

(2.3.8) i o {di, ...,dn) = {di, ...,d„) 
riycTb N G M - noflMOflyjib, nopoiK;i,eHHbiH sjieMCHTaMH BH^a 

(2.3.9) +Ci,...,dn) - (di, d^, d„) - (di, q, d„) 

(2.3.10) (di, ...,adi, ...,d„) - a((ii, di, ...,d„) 
Tflfi di S ^i, Ci e A;, a D. IlycTb 

j : M ^ M/N 

KaHOHHHecKoe OTo6paiKeHiie na (JjaKTopMOflyjib. IIocKOjibKy sjieMCHTbi (2.3.9) h 

(2.3.10) npHnafljiejKaT Hflpy jiimeHHoro OToGpajKemia j, to h3 paBencTBa (2.3.8) 
cjie^yeT 

(2.3.11) /o (di,...,d^ + Ci,...,d„) =/o (di, ...,di, ...,d„) + /o (di, c^, d„) 

(2.3.12) / o (di, ...,adi, ...,d„) =a / o (di, ...,d,;, ...,d„) 

Ha paBCHCTB (2.3.11) h (2.3.12) cjie^yeT, ^to OTo6pajKeHHe / nojiHjiHHeiiHO na/i, 

KOJIbIl,OM D. 

Moflyjib M/N sBjiHeTCH TensopHbiM npoiiSBefleHHCM Ai(x)...(x)An, OTo6pa>KeHHe 

j HMeeT BH/I, 

(2.3.13) j(ai, a„) = ai (g) ... a„ 

^■^MHO>KecTBO Ai X ... X ne mo^kct Gbitb 6a3HCOM FaiviejiH, TaK KaK 3to MHO>KecTBO He CMeTHO. 



2.3. Z?-ajirc5pa c 5a3HCOM FaMCjiH 
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H MHOJKeCTBO TeH30pOB BHflR Cl-ij ® ... ® en i„ HBJIHeTCH CHCTHBIM 6a3IICOM MO;i,yjia 

M/N. CorjiacHO jiCMMe 2.3.7, npoHSBOjibHbifi bcktop b £ M hmcct npeflCTaBjienHe 

6 = 5'(ai..i, ...,a„.i) i€l 
vpfi I - KOHe^iHoe MHOJKecTBO. CorjiacHO onpe/i,ejieHnio (2.3.13) OTo5pa}KeHHa j 
(2.3.14) j ob^b''{ai.,® ...®an.i) iel 

Tflfi I - KOHeHHoe MHOJKecTBO. TaK KaK Ck - 6a3HC FaMejiii £)-ajire6pbi Ak, to fljia 
jiio6oro Ha6opa hhackcob k ■ i, b paBencTBe 

MHO>KeCTBO SHaneHHH 0^*°, OTJIHHHblX OT 0, KOHeiHO. CjieflOBaTCJIBHO, paBCHCTBO 

(2.3.14) HMeeT bh^ 

(2.3.15) job^b'a\\...al-{ei.p,®...®en.p,^ iel 
rfle MHOJKecTBO SHaneHHii 

OTJIH^HblX OT 0, KOHe^IHO. □ 

Cjie/],CTBHE 2.3.8. Uycmb Ai, An - ceoOodnue aAzeOpu Had KOMMymamue- 
HUM KOAbv,OM D. Uycmb Ci - 6a3uc FaMCAJi D-ame6pu Ai. Tozda npouaeoAtHuu 
meH3op a € Ai(i)...®An UMeem KoneuHoe MHootcecmeo cmaHdapmHux KOMnoHeHm, 
omAUHHUx om 0. □ 

Teopema 2.3.9. Uycmb Ai - aAze6pa Had KOAbu,OM D. Ilycmb A2 - ceoBodnan 
accov^uamueHasi aAze6pa Had KOAt>v,OM D c 6a3ucoM FaMeAsi e. Omo6paMcenue 

(2.3.16) g = aof 

nopocHcdeHHoe omo6pamceHueM f G C{D; Ai; A2) nocpedcmeoM menaopa a £ A2 (E) 
A2, UMeem cmandapmHoe npedcmaeAenue 

(2.3.17) g = a'^ia e^) o / = a'^afej 

^OKASATEJlbCTBO. CorjiacHO TCopcMe 2.3.6, CTanflapTHoe npeflCTaBjiemie Ten- 
3opa a iiMeeT bh/i, 

(2.3.18) a = a^^ei®ej 

PaBBHCTBO (2.3.17) cjieflycT 113 paBCHCTB (2.3.16), (2.3.18). □ 



FjiaBE 3 



BasHC Illay^epa 

3.1. TonojiorHHecKoe KOJibLi;o 

OnPEflEJTEHHE 3.1.1. IlycTb D - KOjibn,o.''''^ MHo:acecTBO Z{D) ajieMenTOB a G 

D TaKHX, HTO 

(3.1.1) ax = xa 

fljiH Bcex X <E D, HasbiBaeTCH Li,eHTpoM KOJii>u,a D. □ 

Teopema 3.1.2. U^enmp Z{D) KOAtVia D neAsiemcfi nodKOAb'noM KOAbv,a D. 
^OKASATEJibCTBO. HenocpeflCTBCHHO cnepyeT ii3 onpeflejieHHH 3.1.1. □ 
OnPEflEJTEHHE 3.1.3. IlycTb D - KOjibuio c eflHHHD,eH e.'^ '^ 0To6pa>KeHHe 

I: Z ^ D 

fljiH KOToporo l(n) = ne 6y^eT roMOMopcjDiiSMOM KOjieu,, h ero H^po HEjiaeTCH n^e- 
ajiOM (n), nopojKfleHHbiM Li,ejibiM hhcjiom n > 0. KaHOHH^ecKHH HHTjeKTHBHtiii ro- 

MOMOp4)H3M 

Z/nZ D 

HBjiaeTCH H30Mop4)H3MOM MejK^y Z / uZ H no/i,KOjibLi,OM B D. EcjiH nZ - npocToii 
Hfleaji, TO y nac BOSHHKaeT flBa cjiy^aa. 

• n ~ Q. D coflepjKHT b KanecTBe noflKOjiBii,a KOjibLi;o, iisoMopeJjHoe Z h 
nacTO OTOJKflecTBjiHCMoe c Z. H stom cjiynae mbi roBopHM, hto D HMeeT 
xapaKTepHCTHKy 0. 

• n = p fljiK HeKOToporo npocToro HHCjia p. D nMecT xapaKTepHCTHKy p, 
H D coflepjKHT H30Mop4)Hi.iH o6pa3 Fp = Z/pZ . 

□ 

Teopema 3.1.4. Ilycmb D - KOAbv,o xapaKmepucmuKu u nycmb d E D. 
Tozda Ato6oe 'neAoe hucao n G Z KOMMymupyem c d. 

^OKASATEJTbCTBO. YTBep^KfleHHe TeopeMbi flOKa3biBaeTca no HH/i,yKri,iiH. IIpii 
n = n n = 1 yTBepjKfleHHe OHeBH^HO. ^onycTiiM yTBepjKfleHiie cnpaBe;i,jiHBO npii 
n = k. H3 Li,enoHKH paBencTB 

{k + l)d= kd + d^dk + d^ d{k + 1) 

cjieflyeT OHeBUflHOCTb yTBepjKflenHH npii n ~ k + 1. □ 

Teopema 3.1.5. Uycmb D - KOAbi^o xapaKmepucmuKu 0. Tozda KOAbv,o ii,eAux 
HuceA Z fieAsiemcfi nodKOAbi^oM t^enmpa Z{D) KOAbv,a D. 

[2], CTp. 84. 

'^'^OnpeflejieHHe flano corjiacHO onpeflejieHHKi h3 [2], CTp. 84, 85. 
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3. BasHC niayflcpa 



^OKASATEJTbCTBO. CjieflCTBIie TeopCMbl 3.1.4. □ 

OnPEflEJTEHHE 3.1.6. Kojibijo D HasbiBacTca TonojiorHHecKHM KOJibu.oM'' '^, 

ecjiH D sBjiaeTCH TonojiorHHecKiiM npocTpancTBOM, h ajireSpaHnecKHe onepai];HH, 
onpeflCJieHHtie b D, HenpepbiBHbi b TonojioriiHecKOM npocTpancTBe D. □ 

CorjiacHO onpe^ejieHHio, ^jih npoHSBOjiBHbix sjieivieHTOB a,b £ D m fljiH npoHS- 
BOJibHbix OKpecTHOCTeii Wa~b sjieMeHTa a~b, Wat sjieMCHTa ab cymecTByiOT TaKHe 

OKpeCTHOCTH Wa SJieMCHTa O H Wb SJICMeHTa b, HTO Wa~Wb C Wa-b, ^oWb C Wab- 

OnPEflEJTEHHE 3.1.7. HopMa Ha KOJibi];e D^^^ - sto OToSpajKCHne 

deD ^\d\e R 

TaKoe, HTO 

• |a| > 

• |a| = paBHOCiijiBHO a — 

• = |a| 1^1 

• |a + 5| < \a\ + \b\ 

Kojibu,o D, HaflejiCHHoe CTpyKTypoii, onpeflejiaeMoii sa^aHHeM na D HopMbi, 
HasbmaeTca HopMHpoBaHHbiM KOJibii;oM. □ 

HHBapiiaHTHoe paccTOHHHe na a/mHTHBHOfi rpynne KOjibLi,a D 

d{a,b) ^\a-b\ 

onpeflejiaeT TonojiorHio MCTpHHecKoro npocTpancTBa. corjiacyiomyiocH co CTpyK- 
Typoii KOjibLi;a B D. 

OnPEflEJTEHHE 3.1.8. IlycTb D - HopMHpoBaHHoe KOjibn,o. 3jieMeHT a E D 
HasbiBaeTCH npe^ejioM nocjieflOBaTejibHOCTH {a„} 

a — lini an 

ecjiH fljiH jiio6oro e G i?, e > cymecTBycT, saBHCHmee ot e, naTypajiBHoe hhcjio 
no TaKoe, mo |a„ — a| < e fljiK jiio6oro n > uq. □ 

OnPEflEJTEHHE 3.1.9. ITycTb D - HopMiipoBanHoe KOjibLi,o. nocjieflOBaTejib- 
HOCTb {an}, an €: D HasbiBaeTCH (JjyH^aMeHTajibHoii iijiii nocjieflOBaTejibHO- 
CTbK) KoniH, ecjiH fljiH jiK)6oro e G R, e > 0, cymecTByeT, saBHcamee ot e, naiy- 
pajiBHoe HHCjio no TaKoe, hto |ap — a^l < e pjin jiio6ijIx p, q > uq. □ 

OnPEflEJTEHHE 3.1.10. HopMHpoBaHHoe KOjibD;o D HasbmaeTca nojiHMM ecjiH 
jiio6aH cjiyH^aMeHTajibHaa: nocjieflOBaTejiBHOCTt sjieMCHTOB ^aHHoro KOjiti^a cxo- 
flHTCH, T. e. HMeeT npcfleji b stom KOjibn,e. □ 

IlycTb D - nojiHoe KOjibii,o xapaKTcpHCTHKH 0. TaK xax onepai^HH flejienna b 
KOjiijD;e, BOo6iLi,e roBopa, ne onpeflejiena, mbi ne momccm yTBepjKflaTb, hto kojiijd;o 
D coflepjKHT no;i;nojie pan,HOHajibHbix hhccji. Mm 6y;i,eM nojiaraTb, hto paccMaTpH- 
BaeMoe KOjibLi,o D co^epjKHT nojie pai^HonajibHijix hhccji. Hpn stom OHeBH;i,HO, hto 
KOjibLi,o HMeeT xapaKTepHCTHKy 0. 

■^'■^OnpeflejieHHe flaeo corjiacHO onpeflejieHHK) h3 [13], rjiasa 4 

■^'^OnpeflejieHHe flano corjiacHO onpeflejieHHKi h3 [12], rji. IX, §3, n°2, a Taitace corjiacHO onpe- 
flejieHHKj [17]-1.1.12, c. 23. 



3.1. TonojiorH^iccKoc kojii,li;o 
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Teopema 3.1.11. Ilycmb D - KOAbu,o, codepcucainee noAC paij,uoHaA'bHUX HUceA, 
u nycmb d Cz D. Tozda Bam awBozo ufiAozo hucau n £ Z 

(3.1.2) n-^d^dn~^ 

flOKASATEJibCTBO. CorjiacHO TeopcMC 3.1.4 cnpaBefljiHBa n,enoHKa paseHCTB 

(3.1.3) n^^dn ~ nn^^d = d 

yMHOJKHB npaByio h jieByio nacTH paBCHCTBa (3.1.3) na nojiy^iHM 

(3.1.4) n^^d = n^^dnn^^ = dn-^ 

Ha (3.1.4) cjieflyeT (3.1.2). □ 

Teopema 3.1.12. Ilycmb D - KOAbi^o, codepcncaui,ee noAe pav,uoHaAbHux hucca, 
u nycmb d £ D. Tozda awBoc paVjUonaAbHoe hucao p G Q KOMMymupyem c d. 

^OKASATEJTbCTBO. Mbi MOsceM npeflCTaBHTB paii,HOHajibHoe hhcjio p G Q b 
BHfle p ~ mn^^ , m, n £ Z. yTBep}K;],eHHe TeopeMbi cjie^yeT h3 Li;enoHKH paBencTB 

pd ~ mn~^d = n~^dm — dmn~^ — dp 

ocHOBaHHoft Ha yTBepjKflenHH TeopeMbi 3.1.4 h paBencTBe (3.1.2). □ 

Teopema 3.1.13. Ilycmb D - KOAbu,o, codep:>icam,ee noAc pat^uoHaAbHux hucca. 
Tozda noAC pav,uoHaAbHux hucca Q fieAsiemcfi nodnoACM u,eHmpa Z{D) KOAbi^a D. 

flOKASATEJibCTBO. CjieflCTBiie TeopeMbi 3.1.12. □ 

B flajiBHeiiineM, roBopa o HopMiipoBaHHOM KOjibi^e xapaKTepHCTHKii 0, mbi 6y- 
fleM npeflnojiaraTb, ^ito onpeflejien roMeoMop4)H3M nojiH paii,HOHajibHi>ix uiceji Q 
B KOjii.11,0 D. 

Teopema 3.1.14. Ilycmb D - HopMupoeauHoe KOAbi^o xapanmepucmuKu u 
nycmb d £ D. Ilycmb a € D - npedcA nocAcdoeamcAbHocmu {a„}. Tozda 

lim (ond) = ad 

n— »oo 

lim {da„) = da 

n— »oo 

^OKASATEJTbCTBO. YTBepiKfleHHe TeopeMbi TpiiBHajibHO, oflnaKO h npHBoacy 
flOKasaTejibCTBO fljia: hojihotm TeKCia. IIocKOjibKy a £ D - npe^eji nocjieflOBa- 
TejibHOCTH {an}, TO corjiacHO onpeflejieHHK) 3.1.8 3aflaHHoro e G i?, e > 0, 
cymecTByeT naTypajibHoe hhcjio uq TaKoe, hto 

fljiH jiio6oro n > uq. CorjiacHO onpeflejieniiio 3.1.7 yTBepiKflenne TeopeMbi cjieflyei 
H3 HepaBencTB 

|a„d - ad\ = |(a„ - a)d\ = |a„ - a\\d\ < -^^\d\ ^ e 

|da„ - da\ = |d(a„ - a)\ = |d||a„ - a\ < \d\-^ = e 

\d\ 

fljiH jiio6oro n > Uq. □ 

Teopema 3.1.15. UoAHoe KOAbv,o D xapanmcpucmuKu codepotcum e nauc- 
cmee nodnoAsi usoMopcfjuuti o6pa3 noAsi R deucmeumeAbuux hucca. 9mo noAC 
o6uHHO omootcdecmeAsmm c R. 
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3. BasHC niayflcpa 



^OKASATEJTbCTBO. PaccMOTpiiM (^yHflEMeHTajibHyio nocjieflOBaTejibHOCTB pa- 
njiOHajibHbix HHceji {pn}- IlycTb p' - npe^eji stoii nocjieflOBaTejibnocTii b KOjibiie 
D. IlycTb p - npe^eji stoPl nocjieflOBaTejiBHOCTii b nojie R. Tax KaK BjiojKeHne nojia 

Q B TejIO D rOMeOMOpcjDHO, to MH MOJKeM OTO}K;i,eCTBHTb p' £ D 11 p Cz R. □ 

Teopema 3.1.16. Uycmb D - noAHoe KOAti^o xapaKmepucmuKU u nycmti 
d Cz D. Tozda Am6oe deucmeumeA'bHoe hucao p G R KOMMymupyem c d. 

^OKASATEJTbCTBO. Mbi MOJKeM npeflCTaBHTb fleiicTBHTejibHoe hhcjio p E R b 
BHfle (JjyHflaMeHTajiBHOH nocjieflOBaTejiBHOCTn paii,HOHajibHbix hhccji {pn}- YTBep- 
»c/i,eHHe TeopeMbi cjieflyeT h3 ii,enoHKH paBencTB 

pd ~ lim (pnd) ~ lini (dpn) — dp 

n— >oo n— ^oo 

ocHOBaHHOii na yTBepjKflenHH TeopeMbi 3.1.14. □ 

3.2. HopMHpoBaHHaH £'-ajire6pa 

OnPEflEJTEHHE 3.2.1. IlycTb D - HopMnpoBaHoe KOMMyTaTHBHoe kojibi^o.'*'^ 
HopMa B D-Mojjyjie A - sto OTo6paiKeHiie 

ae \\a\\ e R 

TaKoe, HTO 
3.2.1.1: ||a|| > 

3.2.1.2: ||a|| = paBHOCiijiBHO a = 
3.2.1.3: i|a + 6|| < ||a|| + ||fe|| 
3.2.1.4: ||da|I = \d\ \\a\\, de D,aeA 
D-MOflyjib A, HaflejienHbifi CTpyKTypoft, onpeflejiaeMOH saflanneM na A HopMbi, 

HaSblBaeTCH HOpMHpOBaHHMM ZJ-MOflyjieM. □ 

Teopema 3.2.2. HopMa e D-ModyAc A ydoeAemeopsiem paeencmey 

(3.2.1) ||a-fe||>||a||-||fo|| 

flOKASATEJIbCTBO. Ha paBCHCTBa 

a = (a — b) + b 

H yTBepjKflCHHH 3.2.1.3 cjieflyei 

(3.2.2) ||a|| < ||a-6|| + ||6|| 

PaBCHCTBO (3.2.1) cjicflyeT h3 paBencTBa (3.2.2). □ 

OnPEflEJTEHHE 3.2.3. BasHC e HasbiBaeTCH HopMHpoBaHHtiM 6a3HCOM, ecjiH 
1 1 Si 1 1 = 1 flJiH jiio6oro BeKTopa e,- SasHca e. □ 

OnPEflEJTEHHE 3.2.4. IlycTb A - HopMiipoBanHbiii D-MO^yJib. 3jieMeHT a E A 
HasbiBacTca npeflejioM nocjieflOBaTejiBHOCTH {a„} 

a = lim a„ 

ecjiH fljiH jiioGoro e E R, e > cymecTByeT, saBHcamee ot e, naTypajibnoe hhcjio 
no TaKoe, mo ||a„ — a|| < e j^jisi jiio6oro n > uq. □ 



'^'^OnpeflejieHHe flano corjiacHO onpeflejieHHKi h3 [12], ra. IX, §3, n°3. flJiH HopMbi mm nojibsy- 
eMCH o6o3HaHeHHeM \a\ hjih ||a[|. 



3.3. HopMHpoBaHHbiH X)-MOflyjiij C{D; Ai; A2) 



23 



OnPEflEJTEHHE 3.2.5. IlycTb A - HopMnpoBaHUbiii D-MOjiyjib. IIocjieflOBaTejib- 
HOCTb {an}, an G A, HasbiBaeTCH cJjyH^aMeHTajiBHoii hjih nocjieflOBaTejiBHO- 

CTBio KouiH, ecjiH fljia jiio6oro e G i?, e > 0, cymecTByeT, saBHcamee ot e, naiy- 
pajiBHoe HHCjio uq TaKoe, mo \\ap — aq\\ < e fljia jiio6ijIX p, q > hq. □ 

OnPEflEJTEHHE 3.2.6. HopMHpoBaHHbiH D-MOfiyjib A nasbiBaeTCH 6aHaxoBBiM 
D-MopyjieM ecjiH jiio6aH 4)yHflaMeHTajibHaa nocjieflOBaTCjiBHOCTb sjieMenTOB mo- 
flyjiH A cxo^HTCH, T. 6. HMecT npcflcji B MOflyjie A. □ 

OnPEflEJTEHHE 3.2.7. riycTb D - HopMnpoBanoe KOMMyTaTHBHoe KOjibii;o. IlycTb 
A - Z?-ajirc6pa. HopMa ||a|| b D-MO^yjie A TaKaa, hto 

(3.2.3) \\ab\\ < \\a\\ \\b\\ 

HasbiBacTca: HopMoii b _D-ajire6pe A. _D-ajire6pa A, naflejieHHaa CTpyKTypofi, 
onpeflejiaeMoii saflaHHeM na A HopMBi, HasbmaeTca HopMHpoBaHHoft £'-ajire6- 

pOH. □ 

OnPEflEJTEHHE 3.2.8. HopMiipoBaHHaa D-ajire6pa A HasbmaeTca: 6aHaxoBOH 
£)-ajire6poH ecjiH jiio6aH 4)yH/i,aMeHTajibHaH nocjieflOBaTejiBHOCTb sjieMeHTOB aji- 
re6pi>i A cxo;i,iiTCfl:, t. e. HMeeT npe^eji b ajire6pe A. □ 

OnPEflEJTEHHE 3.2.9. IlycTb A - 6aHaxoBaH £'-ajire6pa. MnoiKecTBO sjieMCH- 
tob a G A, \\a\\ = 1, nasbiBaeTCH e/i;HHHHHOH ccjjepoii b ajire6pe A. □ 

3.3. HopMHpoBaHHBiH D-MOflyjifa C{D; Ai; A2) 
OnPEflEJTEHHE 3.3.1. OTo6pa}KeHHe 

f -.Ai^ A2 

D-MopyjiK Ai c HopMoii ||x||i b D-Mopyjib A2 c HopMoii ||?;||2 nasbiBaeTCH Henpe- 
pBiBHBiM. ecjiH fljiH jiio6oro CKOjib yroflHO Majioro e > cymecTByeT Taxoe 5 > 

\\x'-xh<6 

BjieneT 

□ 

Teopema 3.3.2. nycrrib^-^ 

f:Ai^A2 

AUHeuHoe omo6paotceHue D-ModyAJi Ai c HopMou \\x\\i e D-ModyAt A2 c HopMou 
\\y\\2- EcAU AUHCUHoe omo6pajtceHue f Henpepueno e x E Ai, mo AuneuHoe omo6- 
pamcenue f Henpepueno ecwdy na D-ModyAe Ai. 

^OKASATEJibCTBO. IlycTb e > 0. CorjiacHO onpeflejienHK) 3.3.1, cymecTByei 
TaKoe i5 > 0, ^to 

(3.3.1) \\x'-x\\i<5 
BjieneT 

(3.3.2) |i/oa;'-/ox||2 <e 



3.6. 



3Ta TeopeMa HanHcana na ocHOBe noxojKeii TeopeiviM, [4], CTpaHHLi,a 174. 
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3. BasHC niayflcpa 



IlycTb 6 e Ai. H3 paBeHCTBa (3.3.1) cjie^yeT 

(3.3.3) ||(x' + b)~{x + b)\\i = \\x' ~ x\\i < S 

Ha paseHCTBa (3.3.2) cjieflycT 

\\f oix' + b) - f o (x + b)h= \\{f ox' + f Ob) - if OX + f ob)h 

^\\fox'-foxh<e 
CjieflOBaTCjibHO, jiiiHeiiHoe OTo6pajKeHHe / HenpeptiBHO b tohkc x + b. □ 
Cjie/],CTBHE 3.3.3. JIuneuHoe omo6paMceHue 

HopMupoeaHHoeo D-ModyAM Ai e i-iopMupoeaHHuu D-ModyAb A2 nenpepueno mo- 
zda u moAbKO mozda, ecAU oho nenpepueno e mouKe £ ^1 . □ 

Teopema 3.3.4. CyMMa nenpepuenux Auneunux omo6paotceHuii D-ModyAM 
Ai c nopMou \\x\\i e D-ModyAb A2 c HopMou \\y\\2 fieAsiemcfi nenpepuenuM au- 
neuHUM omoSpaDKenueM. 

^OKASATEJIbCTBO. IlyCTb 

/ : ^ A2 

HcnpepbiBHoe jiHHeiiHoe OTo6pa}KeHHe. CorjiacHO cjie;i,CTBHio 3.3.3 11 onpeflejienHio 
3.3.1, fljiH saflaHHoro e > cymecTByei TaKoe 5i > 0, hto ||a;||i < 5i bjichct 

(3.3.5) \\Ioxh<'- 

IlyCTb 

g:Ai^A2 

HenpepbiBHoe jiHHeiiHoe OTo6pa}KeHHe. CorjiacHO cjie^CTBHio 3.3.3 h onpeflejienHio 
3.3.1, fljiH sa^aHHoro e > cymecTByeT Taxoe ^2 > 0, ^to ||a;||i < 62 bjichct 

(3.3.6) \\gox\\2<'- 

IlycTij 

5 = min((5i, ^2) 

Ha HepaBCHCTB (3.3.5), (3.3.6) h yTBep^KflenHH 3.2.1.3 cjie/i,yeT, hto < 5 

BjieneT 

\\{f + 9)ox\\2 = \\fox + gox\\2 < ||/oa;||2 + ||.9ox||2 <e 
Cjie;i,OBaTejibHO, corjiacHO cjieflCTBHio 3.3.3 h onpe^ejieHHio 3.3.1, jiHHeiiHoe oto6- 
pajKCHHe f + g nenpepbiBHO. □ 

Teopema 3.3.5. Uycmt 

f -.Ai^ A2 

nenpepuenoe Auneunoe omo6pajfceHue D-ModyAsi Ai c HopMou \\x\\i e D-ModyAb 
A2 c nopMou \\y\\2- Ilpouaeedenue omo6paotceHUJi f na CKaAJip d ^ D sieAfiemcsi 
HenpepuBHUM jiuneunuM omoOpaoKenueM. 



3.3. HopMHpoBaHHbiH X)-MOflyjiij C{D; Ai; A2) 
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^OKASATEJTbCTBO. CorjiacHO cjieflCTBHK) 3.3.3 H onpeflejieHHK) 3.3.1, fljiH sa- 
;i,aHHoro e > cymecTsyeT Taxoe (5 > 0, hto < S Bjie^^eT 

(3.3.7) ll/°x||2<^ 

Ha HepaBCHCTBa (3.3.7) h yTBepjKfleHHs 3.2.1.4, cjie^yeT, hto < 5 bjichct 

||(d/)o.T||2 = |M(/ox)||2 = M|||/o.T||2<e 

CjieflOBaTCjiBHO, corjiacHO cjieflCTBiiio 3.3.3 h onpeflejiCHHio 3.3.1, jiHHeiiHoe oto6- 
paiKeniie d f nenpepBiBHO. □ 

Teopema 3.3.6. MnoDicecmeo CC{D\Ai.A2) Henpepuenux AuneuHux omo6- 
pacHceHuu HopMupoeauHozo D-Modyjisi Ai e HopMupoeaHHuu D-ModyAb A2 mbaji- 
emcM D-ModyACM. 

^OKASATEJTbCTBO. TeopcMa HBjiHeTca cjieflCTBHeM leopeM 3.3.4, 3.3.5. □ 

Teopema 3.3.7. Ilycmb Ai - D-ModyAb c nopMou \\x\\i. Uycmb A2 - D-mo- 
dyAb c HopMou II 2/ II 2- Omo6pacHceHue 

CiD;Ai;A2) ^ R 

onpedeACHHoe paecHcmeoM 

(3.3.8) 11/11 = sup^^^ 

Iklli 

RBAfiemcsi HopMou D-ModyAsi C{D; Ai, A2) u HaaueaemcR HopMOH OTo6pa}Ke- 

HHH /. 

^OKASATEJTbCTBO. YTBepjKfleHHe 3.2.1.1 o^eBHflHO. 
IlycTb 11/11 = 0. CorjiacHO onpeflejieHHio (3.3.8) 

11/ ° ^-112 -0 

pjia jiio6oro X G Ai. CorjiacHO yTBepjKfleHHio 3.2.1.2, f o x ~ fljiH jiio6oro 
X € Ai. CjieflOBaTejiBHO, yTBepjKfleHHC 3.2.1.2 Bepno fljiH ||/||. 
CorjiacHO onpeflejiemiio (2.1.9) h yTBepjKfleHHio 3.2.1.3, 

||(/i + /2)°:c||2 ||/iox + /2oa-||2 

sup 11 I , — si_ip ~ 



l-^lll " ll^lll 



(3.3.9) < sup 



ll/i o a;||2 + 11/2 o a;|| 



2 



\m\i 

^ Ijfioxh^, /2OX 2 

IfIIi ||a;||i 
Ha HepaBCHCTBa (3.3.9) h onpe/i,ejieHHa (3.3.8) cjie^yeT 

||/l+/2||<||/l|| + ||/2|| 

CjieflOBaTCjiBHO, yTBepjKfleHHe 3.2.1.3 Bepno fljiH || /||. 

CorjiacHO onpeflejieHHio (2.1.10) h yTBepjKfleHHio 3.2.1.4, 

r-i^im Il(^/)°^ll2 \\d{fox)h^ |rf|||/°a:||2 ,,, ||/oa:||2 

3.3.10 sup — = sup — < sup ^ = \d\ sup—-- — 

IfIIi ||a;||i Iklli llxlli 

Ha HepaBCHCTBa (3.3.10) u onpeflejieuHH (3.3.8) cjieflycT 

\\df\\^\d\\\f\\ 

CjieflOBaTejiBHO, yTBepjKflCHHe 3.2.1.4 Bepno fljiH ||/||. □ 
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3. BasHC Illayflcpa 



Teopema 3.3.8. Ilycmb D - KOAt>ij,o c nopMou \d\. Uycmb A - D-ModyAt> c 
HopMou \\x\\o- Omo6pam:eHue 

A' 

onpedeACHHoe paeeHcmeoM 

11/11 \f°^\ 

jiBMJiemcM HopMou D-ModyAJi A' u Haaueaemcsi HopMoii <J)yHKU,HOHajia /. 

^OKASATEJibCTBO. TeopeME sBjiHeTca cjie/iCTBHCM TeopeMbi 3.3.7. □ 

Teopema 3.3.9. Uycmb D - KOAbi^o c nopMou \d\. Uycmb e - 6a3uc D-ModyAsi 
A c HopMou \\x\\i. Uycmb A' - conpjutceHHuu D-ModyAb c HopMou \\x\\2- Tozda 

(3.3.11) ||e^||2 = ^ 

||ei||i 

flOKASATEJibCTBO. IlycTb HHfleKC i HMceT saflaHHoe snaneHHe. ITycTb a ^ A. 
Tax KaK 

a = (a — a'ci) + a'ci 
TO corjiacHO yTBepjK/i,eHHio 3.2.1.3 

Iklli < ||a-a'e,-||i + ||a^ei||i 
EcjiH a = a''ei, to corjiacHO yTBepjKfleHHSM 3.2.1.2, 3.2.1.4 

||a||i = ||a^e,||i = |a^|||e,||i 

CjieflOBaTCjiBHO, 

(3.3.12) ||e^||, = sup^ = -|^ 

||a||i |a1||ei||i 

PaBencTBO (3.3.11) cjie^yeT h3 paBCHCTBa (3.3.12). □ 

Cjie/],CTBHE 3.3.10. Uycmb e - HopMupoeaHHutt 6a3uc HopMupoeauHozo D- 
ModyAJi A. Baauc, deoucmecHHUu 6a3ucy e, maKcuce MBAJiemcM HopMupoeauHUM 
6a3ucoM HopMupoeaHHOzo D-ModyAsi A' . □ 

Teopema 3.3.11. Uycmb ei - 6a3uc D-ModyAsi Ai c nopMou \\x\\i. Uycmb 62 
- 6a3uc D-ModyAsi A2 c HopMou \\x\\2. Tozda 

(3.3.13) ||(e^^,e2.,)|| = ^^ 

/],OKA3ATEJTbCTBO. IlycTb HHfleKCBi i, j HMCiOT sa^aHHbie ana^enHH. IlycTb 
a £ Ai. TaK xax 

a = (a — a^ei-i) + a^ei.i 
TO corjiacHO yTBepsKflenmo 3.2.1.3 

||a||i < ||a-a'ei.i||i + ||a'ei.i||i 
EcjiH a = a^ei-i, to corjiacHO yTBepjKflenHHM 3.2.1.2, 3.2.1.4 

(3.3.14) ||al|i = ||a*ei.i||i = |a'|||ei.i||i 
TaK KaK 

{e\,e2-j) oa = a^e2.j 



3.3. HopMHpoBaHHbiH X)-MO/^yjib C{D; Ai; A2) 
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TO corjiacHO yTBepjKflenHio 3.2.1.4 

(3.3.15) ||(ei,e2.,-)oa||2-||a'e2.,||2 = 

H3 paseHCTB (3.3.14), (3.3.15) cjieflyeT 

'|(ei,e2.j) oa||2 



(3.3.16) 



(el,e2.j)|| = sup- 



|a Il|e2.,-|i2 



|a I I|e2.j||2 
k'll|ei..||i 



PaeeHCTBO (3.3.13) cjie^yeT h3 paBCHCTBa (3.3.16). 



□ 



CJTEflCTBME 3.3.12. IJycmh ei - HopMupoeanHuu 6a3uc D-ModyAJi Ai c Hop- 
Mou \\x\\i. nycm'be2 - HopMupoeaHHUu 6a3uc D-ModyAJi A2 c HopMou \\x\\2- Tozda 



(ei,e2.,)ll = l 



□ 



Teopema 3.3.13. Uycmb 

f -.Ai-^ A2 

jiuneuHoe omo6pacHceHue D-ModyAJi Ai c HopMou \\x\\i e D-ModyAb A2 c HopMou 
\\y\\2. Tozda 

(3.3.17) 11/11 = sM||/ox||2 : |Ix||i = l} 
flOKASATEJibCTBO. Ha onpeflejiemiH 2.1.5 h TeopcM 3.1.15, 3.1.16 cjieflycT 

(3.3.18) f{rx)=rf{x) reR 
H3 paBCHCTBa (3.3.18) h yTBepjK;];eHHH 3.2.1.4 cjie^yeT 

||/(™)||2 |r| ||/(X)||2 ||/(X)||2 



HojiaraH r 



(3.3.19) 



l^lli 



llrxlli 
Mbi nojiyniiM 

II/WII2 
ll^lli 



H ll^lli 



Ml 



<- 




Ml) 







□ 



PaBeHCTBO (3.3.17) cjie^yeT h3 paBencTB (3.3.19) 11 (3.3.8). 
Teopema 3.3.14. IJycmb 

f:Ai^A2 

AUHeuHoe omo6paafceHue D-ModyAJi Ai c HopMou \\x\\i e D-ModyAb A2 c HopMou 
\\y\\2. Tozda 

(3.3.20) ||/ox||2< 11/11 

flOKA3ATEJlbCTBO. CorjiacHO yTBcpjK/ieHiiio 3.2.1.4 



(3.3.21) 



1 



|a;||r 



1 



Ml 



mi 



1 



Ha TeopeMbi 3.3.13 h paBCHCTBa (3.3.21) cjie^yeT 



(3.3.22) 



1 



-fox 



xi 



< 11/11 



Ha yTBepjKfleHHH 3.2.1.4 h paBCHCTBa (3.3.22) cjieflyei 

1 



(3.3.23) 



mi 



-Il/°^l|2< 
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3. BasHC niayflcpa 



HepaBencTBO (3.3.20) cjie^yeT h3 HepaBencTBa (3.3.23). □ 
Teopema 3.3.15. nycmv^ ~ 

f:Ai^A2 

AUHeuHoe omo6paotceHue D-ModyAJi Ai c HopMou \\x\\i e D-ModyAt A2 c HopMou 
II?/ II 2. Omo6paotceHue f Henpepueno mozda u moAbKO mozda, Kozda \\f\\ < 00. 

^OKASATEJibCTBO. ITycTb ||/|| < CO. HocKOjiBKy OTo6pa}KeHHe / jiHueiiHO, 
TO corjiacHO TeopeMe 3.3.7 



ll/oa; -/oy||2 = 11/0 (a; -y)||2< 11/11 \\x - yh 

OJKHM ^ ~ YJ 

\x - y\\i < S 



BosBMeM npoH3BOjiBHoe e > 0. IIojiojkhm S = ■jjjjj'- Tor^a 113 HepaseHCTBa 



cjieflyeT 

||/°a;-/°2;||2 < 11/11 -5 = 6 
CorjiacHO onpeflejienHio 3.3.1 OTo6pa>KeHHe / nenpepBiBHO. 

IlycTB II /II = 00. CorjiacHO leopeMe 3.3.7, pjisi jiio6oro n cymecTByeT Xn 

TaKOe, HTO 

(3.3.24) ||/oa;„||2 >n||a;„||i 

IIOJIOJKHM 

(3.3.25) yn = II ^ II Xn 

CorjiacHO onpeflejieHHio 2.2.3, yTBep>K/i,eHHio 3.2.1.4, paBencTBy (3.3.25), HepaseH- 
CTBy (3.3.24) 

1 



ll/°yn||2 = 



71 |x„|l 



'|/oa;„||2>l 



lla^rilli 



CjieflOBaTejiBHO, OTo6pa}KeHHe / ne HBjiaeTCH HenpepbiBHbiM b TOHKe G Ai. □ 

D-MopyjYb CC{D] Ai] A2) HBjiaeTCH no;i,MO^yjieM D-MO^yjiH C{D] Ai; A2). Co- 
rjiacHO TeopeMe 3.3.15, ecjin 

f eC{D;AuA2)\CCiD;Ai;A2) 

TO 11/11 00. 

Teopema 3.3.16. Uycmb Ai - D-ModyAb c nopMou \\x\\i. Uycmb A2 - D- 
ModyAb c HopMou \\x\\2. Uycmb A3 - D-ModyAb c HopMou ||x||3. Uycmb 

g:Ai^ A2 

/ : ^ A3 

HenpepuBHue AuneuHue omodpamceHUH. Omo6pajtceHue fog fieAsiemcfi nenpe- 
puBHUM AUHeuHUM omoOpaJKeHueM 

(3.3.26) 11/ o.g||< 11/11 ||.g|| 



^Sxa TeopeMa HanncaHa Ha ocHOBe xeopeivi, paccMOTpenHMx b [4], CTpaHHi^bi 174 - 176. 



3.4. HopMHpoBaHHbiii D-MOflyjib C{D;Ai, A^; A) 
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^OKASATEJTbCTBO. CorjiacHO onpeflejiCHHHM (2.2.3), (3.3.8)^-* 

„^p ll(/°g) °a:||3 ^ gup ll/° (■9°^)ll3 ^ f \\f°i9°x)\\3 \\gox\\2 

fQq07^ l|2;||l l|2;||l V \\9°X\\2 \\x\\l 

^^^^ <supM;il^sup^ 

\\9°x\\2 \\x\\i 
TaK KRK, BOo6me roBopH, g o Ai ^ A2, to 

3.3.28 sup — r < sup—-- — 

ll5oa;||2 ||y||2 

H3 HepaeeHCTB (3.3.27), (3.3.28) cjieflyei 

/Q Q on^ \\{f°9)°x\\3 ||/oy||3 \\9°x\\2 

3.3.29 sup — < sup—— — sup^ — 

IfIIi ||y||2 

HepaeeHCTBO (3.3.26) cjieflyeT h3 HepaBencTBa (3.3.29) h onpe;];ejieHiiH (3.3.8). □ 

Teopema 3.3.17. HopMupoeaHHuu D-ModyAb CC{D; A; A) neAsiemcfi nopMu- 
poeaHHOu D-aAze6pou, e Komopou npouaeedenue onpedeAeno coznacHO npaeuAy 

if, 9) f°9 

flOKASATEJibCTBO. floKasaTejibCTBO yTBepjKfleHHH, hto D-MO^yjii, £C{D; A; A) 
HBjiaeTCH D-ajire6poH, anajiornHHO flOKaaaTejibCTBy TeopeMbi [7]-2.4.5. CorjiacHO 
onpeflejieHHK) 3.2.7 11 leopeMe 3.3.16, HopMa (3.3.8) HBjiaeTCH HopMofi na _D-ajire6pe 
CC{D;A;A). □ 

3.4. HopMHpoBaHHBiii _D-MOflyjiB C{D; Ai, An; A) 

OnPEflEJTEHHE 3.4.1. IlycTb Ai, i = I, n, - GauaxoBa D-ajireGpa c nopMoii 
IlycTb A - GanaxoBa £)-ajire6pa c nopMofi ||x||. OToGpajKeuHe necKOJiBKHx 
nepeMeHHbix 

/ : .4i X ... X A„ ^ A 
HasbiBaeTca HenpepBiBHBiM, ecjin fljia jiioGoro ckojib yrofluo Majioro e > cyme- 
CTByeT TaKoe 6 > 0, hto 

\\x[-Xi\\i<S ... \\x'„ - X„\\n < S 

BjieneT 

\\f{x[,...,x'n) - /(a;i,...,x„)|| < e 

□ 

Teopema 3.4.2. CyMMa Henpepuenux omo6pacnceHuu necKOAtKux nepeMcn- 
Hux RBAfiemcsi nenpepuGHUM omoGpaoKeHueM necKOAhKux nepeMeuHux. 



Boo5iii;e roBopn, OTo6pa»ceHHH /i, /2 hmciot MaKCHMyivi b pa3JiH"^Hi>ix TOMKax MHO?KecTBa Ai. 
Cjie^OBaTejibHO, 

sup{fi{x)f2{x)) < sup/i(x)sup/2(a?) 
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3. BasHC niayflcpa 



flOKASATEJlbCTBO. IlyCTb 

f : Ai X ... X An A 

HcnpepbiBHoe OToGpajKCHiie necKOjibKHx nepeMenHbix. CorjiacHO onpeflejiCHHio 3.4.1, 
fljisi aaflaHHoro e > cymecTByeT TaKoe di > 0, hto \\x'i — xi\\i < Si, 

Il^^ - Xn\\n < Si BJie^eT 

(3.4.1) \\fix[,...,x'J-fixi,...,Xn)\\ < 
IlycTb 

g : Ai X ... X A„ —5- A 
HenpepbiBHoe OTo6pa>KeHHe hcckojibkhx nepeMeHHbix. CorjiacHO onpeflejiCHHio 3.4.1, 
jljisi saflaHHoro e > cymecTByeT TaKoe S2 > 0, hto \\x[ — xi\\i < S2, 
- a;„||„ < S2 Bjie^eT 

(3.4.2) \\gix[,...,x'J-gixi,...,Xn)\\ < | 
IlycTb 

S = min((5i, ^2) 

H3 HepaseHCTB (3.4.1), (3.4.2) h yTBepjK;];eHHH 3.2.1.3, cjie^yeT, ^ito xiHi <S, 

\\x'n - Xn\\„ < S BjieneT 

\\{f + g){x[,...,x'J-{f + g){xi,...,Xn)\\ 

= \\f{x[,...,x'J + g{x[,...,x'n) - f{xi,...,Xn) ~ g{xi,...,Xn)\\ 

<\\f{x[,...,x'„) - f{xi,...,Xn)\\ + \\g{x[,...,x'n) - .g(a;i,...,a;„)|| < e 

CjieflOBaTCjiBHO, corjiacHO onpeflejiennK) 3.4.1, OTo6pa»ceHHe hcckojibkhx nepeMCH- 
Hbix f + g HenpepbiBHO. □ 

Teopema 3.4.3. CyMMa nenpepuenux nojiuAUHeuHux omo6paafceHuu rbah- 
emcM HenpepueHUM noAUAuneuHUM omo6pa^iceHueM. 

^OKASATEJTbCTBO. YTBep^KfleHHe TeopeMbi cjie^yeT h3 TeopeM [6]-1.6, 3.4.2. 

□ 

Teopema 3.4.4. UpouaeedcHue Henpepuenozo omoSpaoKeHUH f necKOAbKux 
nepeMCHHUx na CKUAnp d G D neAsiemcfi HenpepuenuM omo6pacHceHueM necKOAb- 
Kux nepeMCHHUx. 

^OKASATEJIbCTBO. IlyCTb 

/ : Ai X ... X An ^ A 

HenpepbiBHoe OTo6pa5KeHHe necKOjibKHx nepeMeHHbix. CorjiacHO onpeflejieHHio 3.4.1, 
saflaHHOro e > cym,ecTByeT TaKoe 5 > 0, hto jjx'j^— a;i||i < S, .... ||a;Jj — a;„||„ < 
S BjieneT 

(3.4.3) \\f{x[,...,x'n)~f{xi,...,Xn)\\ < ^ 

H3 HepaBencTBa (3.4.3) h yTBepjKfleHHH 3.2.1.4, cjie^yeT, hto \\x'i — x\\\ < S, 

\\x'n - Xn\\n < S BJICHBT 

\\{df){x[,...,x'„) - {df)(xi,...,Xn)\\ ^\\df{x[,...,x'n) - df{xi,...,Xn)\\ 

= \\f{x[,...,x'n) - f{xi,...,Xn)\\ < £ 

CjieflOBaTCjibHO, corjiacHO onpe/i,ejieHHio 3.4.1. OTo6pa>KeHHe df nenpepbiBHO. □ 



3.4. HopMHpoBaHHbiii D-MOflyjib C{D;Ai, A^; A) 
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Teopema 3.4.5. UpouaeedeHue Henpepuenoso noAUAUHeuHozo omo6paatceHU^ 
f Ha CKaAJip d £ D sieAfiemcsi HenpepuenuM noAUAuneuHUM omo6pajtceHueM. 

^OKASATEJTbCTBO. YTBepiKfleHHe TeopeMM cjie^yeT h3 TCopcM [6]-1.8, 3.4.4. 

□ 

Teopema 3.4.6. MnoDKecmeo C{D]Ai,...,An',A) Henpepuenux omo6pac>tce- 
Huu HecKOAtKux nepeMCHHUx HBASiemcfi D-ModyACM. 

/],OKA3ATEJTbCTBO. TeopeME HBjiHeTca cjieflCTBHCM TeopcM 3.4.2, 3.4.4. □ 

Teopema 3.4.7. MHootcecmeo CC{D; Ai, A„; A) Henpepuenux uoauau- 
HeuHux omo6paDKeHuu sieAHemcsi D-ModyAeM. 

^OKASATEJibCTBO. TeopeME sBjiHeTca cjieflCTBHCM TeopcM 3.4.3, 3.4.5. □ 

IlycTb Ai - D-MO^yjib c HopMon ||a;||i. IlycTb A2 - D-MOjsyjib c HopMoii ||.t|[2. 
IlycTb A^ - D-MOflyjib c HopMOii ||a;||3. TaK krk C{D] A2; A3) - D-Mopym> c HopMoii 
II /II 2-3, TO Mbi MOJKeM paccMOTpeTb HenpepbiBHoe OTo6pa>KeHHe 

(3.4.4) h: Ai^ C{D;A2;A3) 
EcjiH ai £ Ai, TO 

h o ai : A2 ^ A3 
HcnpepbiBHoe OTo6pa}KeHHe. CorjiacHO TeopeMe 3.3.14 

(3.4.5) llaalb < ||/i o ai||2.3||a2||2 

TaK KaK C{D; Ai] C{D; A2] A^)) HopMHpoBaHHbiit D-mopyjib, to corjiacHO TeopeMe 
3.3.14 

(3.4.6) ||/ioai||2.3 < ||/i|| llflilli 
H3 HepaBencTB (3.4.5), (3.4.6) cjie^yeT 

(3.4.7) ||a3||3< ||/i||||ai||i||a2||2 

Mbi MOJKeM paccMaTpHBaTb OTo6pa>KeHHe (3.4.4) KaK 6HjiHHeHHoe OToGpajKeHne 

(3.4.8) / : X A2 ^ A3 

onpeflejieHHoe corjiacHO npaBiijiy 

/ o (ai, 02) ^ {ho fli) o a2 

Oniipascb Ha TeopeMbi 3.3.7, 3.3.14 h HepaBencTBO (3.4.7), mh onpeflejiiiM HopMy 
6HjiHHeiiHoro OToGpajKeHiia / pabencTBOM 

(3.4.9) 11/11 --PT^ifnr' 

Ijailli I|a2||2 

HpHMeHHa HHflyKLi;Hio no Hiicjiy nepeMennbix, mm MOJKeM o6o6iLi,HTb onpe^ejie- 
Hiie HopMbi 6HjiHHefl:Horo OTo6pajKeHiiH. 

OnPEflEJlEHHE 3.4.8. IlycTb Ai, « = 1, - GanaxoBa D-ajire6pa c nopMOii 

\\x\\i. IlycTb A - 6aHaxoBa £'-ajire6pa c HopMoft ||a;||. IlycTb 

/ : Ai X ... X A„ A 

- nojiHjiHHeftHoe OTo6paaceHHe. BejiHHHHa 
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3. BasHC niayflcpa 



HasbiBacTca HopMoft nojiHJiHHeiiHoro OTo6pa>KeHHH /. □ 

Teopema 3.4.9. Uycmb Ai, i ^ \, n, - Sanaxoe D-ModyAt> c uopMou 
\\x\\i. Uycmb A - Banaxoe D-ModyAb c HopMou \\x\\. Uycmb 

f :AiX ... X An A 

noAUAUHCUHoe omo6paDfceHue. Tozda 

(3.4.11) 11/11 = sup{\\,fo{x^,...^Xn)\\ : \\x,h = 1,1 < « < 
/],OKA3ATEJTbCTBO. Ha onpeflejieHHH 2.1.13 h leopeM 3.1.15, 3.1.16 cjie^yeT 

(3.4.12) /(rixi, ...,r„a;„) = ri...r„/(xi, ...,x„) ri,...,r„Gi? 
Ha paseHCTBa (3.4.12) h yTBepjK/ieHHa 3.2.1.4 cjie/i,yeT 

||/(ria;i, ...,r„x„)|| |ri|...|r„| ||/(a;i, x„)|| ||/(a;i, x„)|| 



\riXi\\i...\\rnXn\\n 



\ri\ ||a:||i...|r„| ||a;„||„ 



Hojiaraa r = 



(3.4.13) 



1 



l-^lli 



-, Mbi nojiyHHM 



||/(xi,...,x„) 

ll^lli-lklU 



/ 



Xl 



lla-'illi' '"' ||a;n||r 



□ 



PaBCHCTBO (3.4.11) cjie/iyeT h3 paBCHCTB (3.4.13) ii (3.4.10). 

Teopema 3.4.10. Uycmb Ai, i = 1, n, - Banaxoe D-ModyAb c nopMou 
\\x\\i. Uycmb A - Banaxoe D-ModyAb c HopMou \\x\\. Uycmb 

f : Ai X ... X An A 

noAUAUHCUHoe omo6paafceHue. Toeda 

(3.4.14) ||/o(xi,...,x„)|| < 11/11 II 3^1 1 1 1 ... 1 1 Xn 1 1 n 

^OKA3ATEJlbCTBO. CorjiacHO yTBepiKfleHHK) 3.2.1.4 



(3.4.15) 



1 



-Xl 



1 



lla^illi 



l-^i||i = l 



I -^n II n 



1 



II -^n II n 



I '^n II n 1 



Ha TeopeMbi 3.4.9 h paBCHCTBa (3.4.15) cjie^yeT 



(3.4.16) 



1 



-/ o (xi, ...,x„) 



1 



:i;i||l.-.Ha;ri||n 

Ha yTBepjKfleHHH 3.2.1.4 h paBencTBa (3.4.16) cjieflyeT 

1 



-Xl, ... 



< 



(3.4.17) 



-||/o (xi, ...,Xr. 



< 



□ 



lFi||i...||x„||„ 

HepaBetiCTBO (3.4.14) cjie^yeT na HepaBencTBa (3.4.17) 

HycTb Ai, i = 1, 71, - SanaxoB D-MO^yjib c HopMoii \\x\\i. HycTb A - 6aHaxoB 
_D-Mo;i,yjiB c HopMofi ||.t||. Mbi MOsceM npe^CTaBHTB nojiHjiHHeiiHoe OTo6pajKeHHe 

f : Ai X ... X An ^ A 

B cjieflyiomeM BH^e 

(3.4.18) /o {xi,...,Xn) = {ho (xi, ...,a;„_i)) o x„ 

r^e 

h: Aix ...X An-i C{D; An, A) 
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nojiHjiHHeiiHoe OTo6pajKeHiie. 

Teopema 3.4.11. EcAu omo6paotceHue f Henpepueno, mo omo6paoKeHue ho 
(oi, a„_i) maKotce Henpepueno. 

flOKASATEJibCTBO. CorjiacHO onpeflejiCHHio 3.4.1, ^jih jiK)6oro ckojib yroflHO 
Majioro e > cymecTsyeT Taxoe i5 > 0, hto 

- ^^llll < (5 ... \\x'^~Xn\\n<S 

BjieneT 

\\f o {x[,...,x'J - f o{xi, ...,Xn)\\ < e 
CjieflOBaTejibHO, fljiH jiio6oro ckojib yroflHO Majioro e > cymecTBycT TEKoe S > 0, 

HTO \\x'j^ — Xn\\n < S BJieHBT 

(3.4.19) 11/ O (xi, ...,Xn-l,x'„) - f o{xi, ...,Xn-l,Xn)\\ < £ 

Ha paBeHCTBa (3.4.18) h HepaBCHCTBa (3.4.19) cjiepyei, hto fijisi jiio6oro ckojib 
yroflHO Majioro e > cymecTByei TaKoe (5 > 0, hto ||a;^ — x„ ||„ < 5 BjieneT 

||(/l O (xi, ...,X„_l)) O x[^ - {ho {xi, ...,Xn-l)) O Xn\\ < £ 

CorjiacHO onpeflejiemiio 3.3.1, OTo6pa>KeHHe ft, o (xi, a;„_i) HenpeptiBHO. □ 

Teopema 3.4.12. Ecau omo6paatceHue f nenpepueno, mo omoGpaotcenue h 
maKMce nenpepueno. 

^OKASATEJTbCTBO. CorjiacHO onpeflejieHHK) 3.4.1, ^jih jiK)6oro ckojib yroflHO 
Majioro e > cymecTsyeT tekoc (5 > 0, hto 

||a;i - xilli < (5 ... \\x'^^ ~ XnWyi < 5 

Bjie^ieT 

11/ o {x[,...,x'J - / O {xi,...,Xn)\\ < e 
CjieflOBaTejiBHO, ^jih jiio6oro ckojib yroflHO Majioro e > cymecTByei TEKoe 5 > 0, 

HTO 

llx'l - Xilll < (5 ... \\x'^_i - Xn-l\\n-l < S 

BjieneT 

(3.4.20) 11/ o (x'l, ...,x'„_i,Xn) - / o (xi, ...,a;„_i,x„)|| < e||x„||„ 

Ha paBCHCTBa (3.4.18) h HepaBencTBa (3.4.20) cjie^yeT, ^ito ^jih jiio6oro ckojib 
yroflHO Majioro e > cymecTByei TaKoe (5 > 0, hto 

||a;i - Xllli < 5 ... \\x'„_i - Xn-l\\n-l < S 

BjieieT 

II (ft O {x[, ...,x'^_;^)) OXn~ [ho (xi, ...,X„_i)) O Xn\\ 

(3.4.21) =\\iho {x[, ...,a;^_i) ~ ho (xi, x„_i)) o 
<e||a;n||n 

Ha HepaBCHCTBa (3.4.21) cjieflyeT, hto fljiR jiio6oro ckojib yroflHO Majioro e > 
cymecTByeT laxoe 6 > 0, hto 

llx'i - xilli < (5 ... |lx^_i - x„_i|l„_i < (5 
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BJie^^eT 

A oo\ ||(/^ o (x^, - ho (xi, Xn-l)) o x„|| 

W-^n \\n 

CorjiacHO onpeflejiennK) (3.3.8) 

\\h o {x[, ...,x'„_j^) - ho (xi, ...,x„_i)I| 

(3.4.23) Jjho ix[,..., .<_i) - h o (xi, x„-i)) o x„|| 

ll^n II n 

Ha HepaseHCTB (3.4.22), (3.4.23) cjieflyei, hto fljia: jiio6oro ckojib yroflHO Majioro 
e > cymecTBycT TaKoe S > 0, hto 

||a;i - Xilli < 5 ... \\x'^_j^ - Xn-l\\n-l < S 

BjieneT 

(3.4.24) \\ho {x[, ...,x'^_:^) - ho {xi, ...,Xn-i)\\ <e 

CorjiacHO onpeflejieHiiio 3.3.1, OTo6pa>KeHHe h nenpepbiBHO. □ 

Teopema 3.4.13. 

f eCC{D-A^,...,Ar,;A) 
mozda u moAbKO mozda, Kozda 

h G CC{D;Ai,...,An-i;CC{D;A„-A)) 

Samehahhe 3.4.14. /JpyrHMH cjiobemh, nojiHjiHHeiiHoe OTo6pa>KeHHe / nenpe- 
pbiBHO Torfla H TOjibKO Torfla, Korfla OTo6pajKeHHe h nenpepbiBHO h ^jih jiio6bix 
ai G Ai, a,i^i G A„_i OTo6pa>KeHHe ft. o (ai, a,i_i) nenpepbiBHO. 

^OKASATEJIbCTBO. yTBepjKfleHIie, HTO H3 HenpepblBHOCTH 0T06pajKeHIIH / 

cjieflyeT HenpepbiBHOCTb OTo6pajKeHHH h ii ho (ai, a„_i) , cjie^yeT h3 TeopeM 
3.4.11, 3.4.12. 

ITycTB OTo6pa}KeHHH ft h ft o (ai, a„_i) HenpepbiBHbi. CorjiacHO onpeflejie- 
HHK) 3.4.1, HTo6bi ^OKaaaTb nenpepbiBHOCTB OTo6pajKeHHs /, mbi ;i,oji»cHbi ori,eHHTB 
pasHOCTb 

(3.4.25) ||/o(x;,...,0-/o(xi,...,x„)l| 

npH yCJIOBHH 

(3.4.26) \\x[-x,\\,<d ... \K-xJn<S 
CorjiacHO paBCHCTBy (3.4.18), 

/o {x[,...,x'„) ~ f O (xi,...,x„) 
^ Hh°ix[,.:,x'„_^))ox'„ ~ (fto (xi,...,x„_i)) oa;„ 

= (fto (a:;,...,x;_i)) ox^^ - (fto (a;'i,...,.<_i)) oa;„ 
+ (ft o (x'^, ...,x^_J) o - (ft o (xi, ...,x„_i)) o a;„ 
CorjiacHO paBCHCTBy (3.4.27) h yTBepjKfleHHio 3.2.1.4, 
||/o(xi,...,xJJ-/o(xi,...,a;„)|| 
(3.4.28) <||(ft o (z'l, <_i)) o < - (ft o (x'l, ...,<_i)) ° a:^"|| 

+ ||(ft o (x'l, ...,a;^_i)) o - (ft o (xi, ...,x„_i)) o x„|| 
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CorjiacHO onpeflejienHio 3.3.1, fljia jiio6oro ckojib yroflHO Majioro e > cymecTByeT 
TaKoe (5i > 0, hto \\x'j^ — x„\\„ < Si bjichct 

(3.4.29) \\iho{x[,...,x'^_,))ox'„-{ho{x[,...,x'^^i))oxJ < | 

PaccMOTpHM BTopoe cjiaracMoe b npaBoii nacTH nepaBCHCTBa (3.4.28). 
3.4.13.1: Ecjiii Xn = 0, to 

\\{h o (a;'i, ...,.T^_i)) o .t„ - {h o {xi, ...,Xn-i)) o x„\\ = ^ < | 

3.4.13.2: IIoaTOMy mbi nojiosciiM Xn 7^ 0. CorjiacHO onpeflejieHiiio 3.4.1, j^jisi jiio6oro 
CKOjib yroflHO Majioro e > cymecTByeT TaKoe (52 > 0, hto — < S2, 
1 < i < n Bjie^eT 

(3.4.30) \\ho {x[,...,x'„_i) - /lo (xi,...,x„_i)|| < ^ 

^ {{•^n II n 

H3 HepaBeHCTB (3.4.30), (3.3.20), cjie^yeT 

\\{h O {x[, ...,x'„_i)) OXn" [ho {xi, ...,Xn-l)) O Xn\\ 

(3 4 3X) =\\ih°{x[, ••■,a;^_i) - ho (xi, x„_i)) oa;„|| 

<2|MU"''"""^ 2 

Cjie^OBaTejiBHO, b o6ohx cjiy^aax 3.4.13.1, 3.4.13.2, fljia jiK)6oro ckojib yro^HO 
Majioro e > cymecTByeT Taxoe i52 > 0, hto \\x'f ~ Xi\\i < 62, 1 < i < n bjichSt 

(3.4.32) \\{ho {x[,...,x'^_i)) oxn~ {ho (xi, a;„_i)) o Xn\\ < | 
IlycTb 

6 = niin((5i, ^2) 

Ha HepaBeHCTB (3.4.28), (3.4.29), (3.4.32) cjie^yeT, hto ^jih jno6oro ckojib yroflHO 
Majioro e > cymecTBycT laKoe S > 0, hto 

\\x[-Xi\\i<6 ... \\Xj^ ~ Xn\\n < S 

BjieneT 

11/ o {x[,...,x'„) - / O {xi,...,Xn)\\ < e 
CorjiacHO onpe/^ejiemiio 3.4.1, OTo6pa>KeHHe / nenpepbiBHO. □ 

Teopema 3.4.15. Uycmb Ai, i = 1, n, - Banaxoe D-ModyAb c nopMou 
\\x\\i. Ilycmb A - Banaxoe D-ModyAb c HopMou \\x\\. Uycmb 

f : Ai X ... X An ^ A 

noAUAUHeuHoe omoOpaofcenue. Uycmb 

h: Ai X ... X A„_i C{D; A„; A) 
noAUAUHCUHoe omo6paDKCHue maKoe, nmo 

(3.4.33) / o (xi, ...,x„) = {ho (.Ti, ...,a;„_i)) o a;„ 
Toada 

(3.4.34) 11/11 = \\h\\ 
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^OKASATEJibCTBO. CorjiacHO onpcflejieHHio 3.4.8 

(3.4.35) ||/io(xi,...,x„_i)|| < \\h\\ ||xi||i...||x„_i||„_i 
CorjiacHO TCopeMe 3.3.14 

(3.4.36) ll/o (xi, ...,x„)|| = \\{ho (.Ti, ...,.T„_i)) ox„|| < \\ho (a;i, ..,x„_i)l| l|a;„||„ 
Ha HepaseHCTB (3.4.35), (3.4.36) cjie^yeT 

(3.4.37) ||/o(xi,...,a;„)|| < ... |lx„|l„ 
CorjiacHO TeopeMe 3.4.10 

(3.4.38) ||/o(xi,...,x„)|| < 11/11 ||a;i||i...||x„||„ 

OnnpaacB na xeopeMy 3.4.10 h HepaBCHCTBa (3.4.37), (3.4.38), mm HMeeM HepaBen- 

CTBO 

(3.4.39) 11/11 < \\h\\ 

Ha paBencTBa (3.4.33) h nepaBCHCTBa (3.4.38) cjieflyei, hto 

to A An\ ||(/to (xi,...,x„_i)) oa::„)|| 

(3-4.40) II II < 11/11 |la;i||i...||x„_i||„_i 

ll^n II n 

Hs onpe;];ejieHHH 3.4.8 h HepaBencTBa (3.4.40) cjie^yeT, hto 

(3.4.41) ||;io(a;i,...,a;„_i)|l < |1/|1 ||a;i||i...||x„_i||„_i 

OnHpaacb na TeopeMy 3.4.10 h nepaBCHCTBa (3.4.35), (3.4.41), mbi hmbcm HepaBCH- 

CTBO 

(3.4.42) \\h\\ < 11/11 

PaBencTBO (3.4.34) cjie^yeT h3 HepaBencTB (3.4.39), (3.4.42). □ 

Teopema 3.4.16. UoAUAUHeuHoe omo6pajtceHue f Henpepueno mozda u moAt>- 
KO mozda, Kozda ||/|| < oo. 

flOKASATEJTbCTBO. Mbi flOKajKCM TCopeMy HHflyKi^Heii no Hiicjiy n apryMen- 
TOB OTo6pa>KeHHH /. /],JiH 71 = 1, TeopcMa HBjiaeTCH cjieflCTBHCM TeopeMbi 3.3.15. 

HycTb TeopeMa Bepna /i,jih n = k — \. IlycTb A;, i = 1, fc, - GanaxoB D- 
MO/iyjib c HopMOii 1 1 a; II i. ITycTb A - 6aHaxoB D-Mopyia, c nopMoii ||a::||. Mbi MOsceM 
npeflCTaBHTB nojiHjiHHeiiHoe OTo6pa}KeHHe 

/ : Ai X ... X Afc ^ A 

B cjieflyiomeM BH^e 

/o (ai,...,afe) = {ho (ai, a^.i)) oak 

/i : Ai X ... X Ak-i ^ C{D- Ak] A) 
nojiiijiiiHeiiHoe OTo6pa>KeHHe. CorjiacHO TeopeMe 3.4.12, OTo6pa>KeHHe h HBjiaeTCH 
HenpepbiBHbiM nojiHjiHHeiiHBiM OTo6pa5KeHHeM fc — 1 nepeMCHHOH. Corjiacno npe/i,- 
nojiojKeHHio HHflyKn,HH \\h\\ < oo. Corjiacno TeopeMe 3.4.15, ||/|| = \\h\\ < oo. 

□ 



3.5. Z?-ajirc5pa c SasHCOM IIIay/];cpa 
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3.5. Z?-ajire6pa c 6a3HCOM IIIay/i,epa 

OnPEflEJTEHHE 3.5.1. IlycTb A - 6aHaxoB D-MOflyjib.^ '* IIocjieflOBaTejibHOCTb 
BCKTopoB e = {cij^j^ HasbiBaeTCH 6a3HCOM Illay^epa, ecjiH 

• MnosKecTBO BCKTopoB e; jiHHeiiHO nesaBHCHMO. 

• JXjih KajK^oro BeKTopa a A cymecTByei eflHHCTBCHHaa nocjieflOBaTejib- 
HOCTb {a^li^i, a* G D, TaKaa, hto 

n 

a = Ci = lim N a* Cj 

n— ^oo — ^ 



nocjieflOBaTejiBHOCTB {a*}^j^, a* G D, HasbmaeTca KoopflHHaTaMH BeKTopa 

a = a^Ci 

OTHOCHTejibHO 6a3Hca Illayflepa e. □ 

IlycTB e - 6a3HC Illayflepa 6aHaxoBa D-mopyjisi A. Mbi 6y^eM roBopiiTt, hto 
pa3Jio>KeHHe 

a = a* ei 

BeKTopa a e A OTHOCHTejibHO 6a3Hca e cxo^htcsi. 

Teopema 3.5.2. Ilycmb e - 6a3uc lUaydepa 6aHaxoea D-ModyAJi A. Tozda 
II a II < oo Bar AmSozo ecKmopa a £ A. 

/],OKA3ATEJibCTBO. Ha TeopeMbi 3.2.2 cjieflycT, hto ecjiH ||a|| = oo , to mbi 
He MOJKCM onpeflejiiiTb ||a — 6|| . Cjie/iOBaTejiBHO, mm ne mo^kcm pa3Jio>KHTb a 
OTHOCHTejibHO 6a3Hca Illayflepa. □ 

Teopema 3.5.3. Uycmb e - 6a3uc LUaydepa 6aHaxoea D-ModyAJi A. Uycmb 
ai - Koopdunamu eeKmopa a omHocumeAtiHO 6a3uca e. Tozda Bah awOozo e £ R, 
e > 0, cymecmeyem, 3aeucMW,ee om e, HamypaAt>Hoe hucao uq maKoe, nmo 



(3.5.1) 



(3.5.2) 



a a 



i—p 



a €4 



< e 



< e 



Bam ak)6ux p, q > uq . 

^OKASATEJibCTBO. HepaBeHCTBO (3.5.1) HBjiHeTCH cjieflCTBHeM onpeflejienHfl 
3.2.4, 3.5.1. HepaBeHCTBO (3.5.2) HBjiaeTca cjicactbhcm OHpeflejienHft 3.2.5, 3.5.1. 

□ 

Teopema 3.5.4. Uycmb ai £ A, i £ I, KoneuHoe ceMeucmeo ecKmopoe 
Oanaxoea D-ModyAsi A c 6a3ucoM LUaydepa e. Tozde?'^'^ 

(3.5.3) span{ai,i E L) C A 

^OKASATEJTbCTBO. JJ/iSi ^OKasaTCjibCTBa yTBepjKflCHHH (3.5.3) naM jxocts.- 
TOHHO flOKasaTb cjieflyiom,He yTBepjKfleHHH. 



3.9, 
3.10, 



OnpeflejieHHe 3.5.1 flano na ocHOBe onpeflejieHHH [l]-4.6, c. 182, h jieMMbi [l]-4.7, c. 183. 
Cmotph onpeflejieHHe [5]-4.5.1 jiHHeHHOH o6ojiomkh b bcktophom npocTpaHCTBe. 
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9 




Q 


(3.5.4) 




6 

<2 


Y"-2 ei 




i—p 




i—p 



• EcjiH ai, a2 e A, to ai + a2 G A. 

TaK KEK ai, 02 G A, TO, corjiacHO TCopeMe 3.5.3, cymecTsyeT, saBH- 
CHmee OT e, naTypajiBHoe ^^hcjio uq TaKoe, hto 



e 

<2 



jljisi jiio6bix p, q> uq. Hs HepaseHCTB (3.5.4) cjie^yeT 



< e 



Ha HepaeeHCTBa (3.5.5) cjie^yeT, ^ito nocjie/i,OBaTejibHOCTij 
(3.5.6) J2'^ai+4)ei 

i—p 

HBjiaeTCH (J)yH;i,aMeHTajibHoft. 
• EcjiH a G A, d G D, to da <E A. 

TaK KaK a €z A, d £ D, to, corjiacHO TeopeMe 3.5.3, cymecTByeT, 
saBiiCHmee ot e, naTypajiBHoe hhcjio tiq TaKoe, hto 





9 




Q 




9 




9 


(3.5.5) 


^(ai +4)ei 

z— p 




^(a^ e.j + a2 ei) 

■i—p 


< 


i—p 


+ 


i—p 



(3.5.7) 



E 



a ei 



< 



\d\ 



fljisi jiK)6bix p, q > HQ. Hs HepaBencTBa (3.5.7) cjie^yeT 





9 




9 


(3.5.8) 




<MI 






4=p 







< e 



Hs HcpaBeHCTBa (3.5.8) cjie^yeT, hto nocjieflOBaTejiBHOCTb 



(3.5.9) 



a ei 



HBjiaeTCH 4)yH;i,aMeHTajibH0H. 



□ 



Teopema 3.5.5. Ilycmb e - 6a3uc lUaydepa Saiiaxoea D-ModyAJi A. Tozda 

llcill < oo 

dnsi AwBozo ecKmopa e^. 

flOKASATEJibCTBO. IlycTb fljiH i = j, ||ej||=oo. ^jiH jiioGoro n>j 



E 



a Bi 



i=l i=l 

ecjiH fljiH nocjieflOBaTCjiBHOCTH {a'li^i, a* S Bepno, ^to a' ^0. IIosTOMy 
Mbi He MOsceM CKaaaTb, onpe^ejieH jih BeKTop 



□ 
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He HapyinaH o6iii;hocth, mbi MoaceM nojiojKHTb, ^no 6a3iic e HopMiipoBan. Ecjiii 
npeflnojiojKiiTb, ^ito HopMa eeKTopa ej OTjinnna ot 1, to mh MOJKeM stot seKTop 

SaMeHHTB BCKTOpOM 

e' = T. 77 Ci 



lleill 

CorjiacHO cjie;i,CTBHK) 3.3.10, flBoftcTBenHbiii 6a3HC TaKJKC HBjiaeTCH HopMHpoBan- 

HblM. 

Teopema 3.5.6. nycrm> e - HopMupoeaiiuu 6a3uc Ulaydepa Saiiaxoea D-mo- 
dyAM A. Uycmb {a*}^i, «' ^ D, - maKasi nocAedoeameMbHocmb, umo 

oo 
i=l 

Toeda cyui,ecmeyem npedcA^'^^ 



(3.5.10) a = a*ei= lim a* Ci 

i=l 

/^OKASATEJlbCTBO. CymecBOBaHHe npe^ejia (3.5.10) cjie^yeT h3 nepaBCHCTBa 



(3.5.11) 



J2 



la- 

i=l i=l t=l 

TaK KaK HepaBCHCTBO (3.5.11) coxpanaeTCH npii npeflejibnoM nepexofle n — ^ oo. 

□ 

IlycTb e - HopMiipoBaHBiH 6a3HC Illayflepa 6aHaxoBa D-Mopynsi A. Ecjih 

oo 

Ei«i <oo 

i=l 

TO Mbi 6y;i,eM roBopHTB, ^ito pasjioxceHHe 

a = Ci 

BeKTopa a G j4 OTHOCHTejitHO 6a3Hca e cxo^htcsi HopMajibHO.'^'^^ 06o3HaT?HM 

oo 

^^(^) = {a e A : a = a' Bi, E l^'l < o°} 

i=l 

MHOHCeCTBO BeKTOpOB, paSJIOJKeHHe KOTOpblX OTHOCHTejIBHO 6a3HCa e CXOflHTCH Hop- 
MajIBHO. 

Teopema 3.5.7. Uycmb e - HopMupoeaiiuu 6a3uc Ulaydepa Saiiaxoea D-mo- 
dyAM A. EcAU pasAostceHue eenmopa a G A omHocumeAbHO 6a3uca e cxodumcsi 
HopMaAbHO, mo 

oo 

(3.5.12) ll«ll<El«'l 



■^■^^Cmotph anajiorHMRbie TeopeMbi [3], CTpaHHLi,a 60, [14], CTpaHHLi,bi 264, 295, [9], CTpanHi^bi 
293, 302. 

^■^^OnpeflejieHHe HopMajibHofl cxoahmocth pasjio^KeHHH BeKTopa OTHOCHTejibHO 6a3Hca noxo^te 
Ha onpe^ejieHHe HopiviajibHofl cxo^hmocth pa:/],a. Cmotph [16], CTpaHnu,a 12. 
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3. BasHC niayflcpa 



^OKASATEJibCTBO. Ms yTBep:ac;i,eHHH 3.2.1.3 cjie;i,yeT, hto 

oo 

(3.5.13) l|a||<$]|a^|||e,:|| 

7:=i 

HepaBencTBO (3.5.12) cjie^yeT h3 HepaBCHCTBa (3.5.13) h yTBepjKfleHHs, ^to 6a3HC 
IIIay;i,epa e HBjiaeTCH HopMajibHbiM 6a3HCOM. □ 

Teopema 3.5.8. Ilycmb 

f:Ai^A2 

omo6pacHceHue D-ModyAsi Ai c 6a3ucoM ei e D-ModyAb A2 c 6a3ucoM Ulaydepa 62- 
Ilycmb f 'j - Koopdunamu omo6pajtceHUJi f omHocumeAbHO 6a,3ucoe ei u 62 . Tozda 
nocAedoeameAbHocnib 

n 

(3.5.14) E/>2.i 

i=l 

UMeem npedcA Basi Am6o20 j . 

^OKASATEJibCTBO. YTBep^KfleHHe TeopeMM cjieflyeT h3 paBencTBa 

/ o ei.j = /] e2.i 

□ 

Teopema 3.5.9. Uycmb 

f:Ai-^A2 

omo6paotceHue D-ModyAsi Ai c HopMou \\x\\i u HopMupoeauHUM 6a3UC0M ei e D- 
ModyAb A2 c HopMou \\y\\2 u 6a3ucoM Ulaydepa €2- Tozda 

(3.5.15) 11/ o ei.ilb < 11/11 
Basi awBozo i. 

^OKASATEJlbCTBO. CorjiacHO TeopeMC 3.3.7 h onpeflCjienHK) 3.2.3, HepaBCH- 
CTBO (3.5.15) cjieflycT 113 HepaBCHCTBa 

ll/°ei.,||2< 11/11 llei.illi 

□ 

3AMEMAHHE 3.5.10. TeopcMa 3.5.8 onpeflejiaeT orpamiHeHHe na KOop^HHaTbi 
OTo6pa>KeHiiH D-MO^yjia c 6a3iicoM Illayflepa. OflnaKO sto orpaHHT^eniie mojkho 
cflejiaTb 6ojiee CTporHM. HycTb Ai - D-Mopyjib c HopMiipoBaHHbiM 6a3HCOM LUa- 
y^epa ei . IlycTb A2 - D-Mopyjib c HopMiipoBanHbiM 6a3HCOM Ulaydepa €2 ■ CorjiacHO 
TeopcMe 2.1.12, D-MO^yjib C{D; Ai; A2) hmcct 6a3HC (ej,e2.i). HocKOjibKy 6a3HC 
D-Mo;i,yjiH C{D; Ai; A2) HBjiHeTca chcthbim 6a3HCOM h _D-MO^yjib C{D; Ai] A2) nme- 
eT HopMy, Mbi TpeSyeM, HTo6bi paccMaTpHBaeMbiii 6a3HC 6biji GasncoM Illayflepa. 
CorjiacHO onpeflejiemiio 3.5.1, cymecTByeT npe^eji 

rn ji 

(3.5.16) lim lim V V /j(ei, 62.^) 
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Ha cymecTBOBaniia npe^ejia (3.5.16) cjie^yeT cymecTBOsaHHe npe^ejia nocjie;i,OBa- 
TejibHOCTH (3.5.14). 0;i,HaKO h3 cymecTBOBaHHs npe^ejia (3.5.16) Taxsce cjieflyei 




□ 

Teopema 3.5.11. Uycm'b 

AuneuHoe omoOpaoKeHue D-ModyAsi Ai c HopMou \\x\\i u HopMupoeamuM 6a3ucoM 
Ulaydepa ei e D-Modynb A2 c HopMOu \\y\\2 u HopMupoeamuM dasucoM lUaydepa 
62. /],Ji^ Am6ozo e E R, e > 0, cym,ecmeymm N , M maKue, umo 

(3.5.17) < e ^ > ^ i > M 

^OKASATEJTbCTBO. CorjiacHO saMeHRHHio 3.5.10, MHOJKecTBO OToSpajKenHii 
{e\,e2-j) HBjiaeTCH 6a3HCOM IIIay;i,epa D-mopyjisi C{D; Ai; A2). CjieflOBaTejibHO, 
pasjiOHceHHe 

f = fi{e[,e2.,) 

OTo6pa»ceHHH / cxo^htch. CorjiacHO leopeMe 3.5.3, fljia jiio6oro e € R, e > 0, 
cymecTByiOT N , AI TaKne, hto 

(3.5.18) ll/](ei, 62.^)11 <e i>N j>M 

CorjiacHO cjieflCTBHio 3.3.12, HepaBencTBO (3.5.17) cjieflyeT 113 HepaBCHCTBa (3.5.18). 

□ 

Teopema 3.5.12. Uycmt, 

f : Ai^A2 

jiuneuHoe omo6pajfceHue D-ModyAsi Ai c nopMou \\x\\i u HopMupoeauHUM 6a3ucoM 
Ulaydepa ei e D-ModyAb A2 c HopMou \\y\\2 u HopMupoeamuM 6a3ucoM Ulaydepa 
62. Cymecmeyem F < 00 maKoe, nmo 

(3.5.19) |/]| < F 

^OKASATEJlbCTBO. CorjiacHO TCopeMC 3.5.11, fljiH 3aflaHoro e G i?, e > 0, 
cymecTByiOT A'^, M TaKne, hto 

l/jl < e i> N j > M 
TaK KaK TV, AI KOHenHbi, to cymecTByeT 

Fi = max{|/j|, 1 <i<N,l<j<M} 
Mbi nojiyHHM HepaBCHCTBO (3.5.19), ecjiH hojiojkhm 

F — max(i^i , e) 

□ 



42 



3. BasHC niayflcpa 



Teopema 3.5.13. Uycmt, 

f:Ai^A2 

AuneuHoe omoOpaoKeHue D-ModyASi Ai c HopMou \\x\\i u HopMupoeaHHUM 6a3UC0M 
Ulaydepaei e D-ModyAb A2 c HopMou \\y\\2 u 6a3ucoM IIIaydepae2. Uycmb \\f\\ < 
00. Tozda dAfi Am6ozo 

(3.5.20) aieA+(ii) ai=a\ei.i 
o6pa3 

(3.5.21) 0,2 = I ° 0,1 0,2 = a{fj a2 — a\e2-i 

onpedeACH KoppenmHO, a2 G Aj(e2). 

^OKASATEJibCTBO. Hs paseHCTBa (3.5.20) h TeopeMbi 3.5.9 cjie^yeT 
00 00 00 

(3.5.22) = E 11/ ° < 11/11 E < °° 

i—1 i—1 i—1 

Hs HepaBCHCTBa (3.5.22) cjie;3,yeT 

oo oo oo 

(3.5.23) E = E l«i/i I = E \'^f^\ < °° 

i—1 i—1 i—1 

CorjiacHO TeopeMe 3.5.6, o6pa3 ai G Ai npii OTo6pajKeHHii / onpe^ejieH KoppeKTHO. 

□ 

3AMEMAHHE 3.5.14. Hs ^OKasaTejibCTBa TeopeMbi 3.5.13, mbi bh/i;hm, hto Tpe- 

60BaHHe HOpMajIBHOH CXOflHMOCTH paSJIOJKeHHH BeKTOpa OTHOCHTejIbHO HOpMajIbHO- 

ro 6a3Hca HBjiHeTCH cymecTBenHbiM. CorjiacHO saMenaHHio 3.5.10, ecjiH Ai, i = 1, 2, 
- D-Mopyjib c HopMHpoBaHHbiM 6a3HCOM Ulayflepa e^, to MHOJKecTBO C{D] Ai; A2) 
HBjiaeTCH D-MOjijjieM c HopMnpoBannbiM GaancoM Illayflepa (ei,e^) . Mbi 6y;i,eM 
o6o3HaHaTb £"^(£'; Ai(ei); ^2(^2)) MHOJKecTBO jiHHeiiHbix OToGpasKenHfi, pa3jio- 
jKemie KOTopbix OTHOCHTejibHO 6a3Hca (ei,e^) cxo;i,HTca HopMajibHO. □ 

Teopema 3.5.15. Uycmb Ai - D-ModyAb c nopMou \\x\\i u HopMupoeanHUM 
6a3ucoM Ulaydepa ei. Uycmb A2 - D-ModyAb c HopMou \\x\\2 u HopMupoeaHHUM 
6a3ucoM niaydepa 62 . Uycmb omo6pajtceHue 

/G/:+(i?;Ai(fi);A2(f2)) 

Tosda 

00 00 

ii/iKEEi/Ji 
i=i j=i 

^OKASATEJibCTBO. CorjiacHO cjieflCTBHio 3.3.12, 6a3HC (ei,e^) HBjiHeTca 
HopMHpoBanHbiM 6a3HCOM Illayflepa. TeopeMa cjie^yeT 113 TeopeMbi 3.5.7. □ 

CJlEflCTBME 3.5.16. Uycmb Ai - D-ModyAb c nopMou \\x\\i u HopMupoeauHUM 
6a3UC0M Ulaydepa ei. Uycmb A2 - D-ModyAb c HopMou \\x\\2 u HopMupoeaHHUM 
6a3ucoM Ulaydepa 62 ■ Uycmb omo6paMceHue 

/e/:+(i5;Ai(fi);A2(f2)) 
Tozda 11/11 < 00. □ 
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Teopema 3.5.17. Ilycm'b ar > 0, bi > 0, i = 1, ...,n. Toeda 

n 71 n 

(3.5.24) ^a,6, <^a,^6i 

i—l i—1 i—1 

^OKASATEJlbCTBO. ^OKajKCM TBopeMy HHflyKn,Hefl: no n. 
HepasecTBO (3.5.24) j^jisi n = 2 HBjiHeTCH cjieflCTBHeM HepaeeHCTBa 

(3.5.25) aibi + 02^2 < («! + a2)(fei + h) = ai^i + Qib2 + 02^1 + 0262 
IlycTb HepaBencTBO (3.5.24) Bepno fljia n = k — I. HepaBencTBO 

fe-i /fc-i \ /fe-i \ 

(3.5.26) J2 + "fc^/^ ^ \ J2 + ^' + 

HBjiHeTCH cjie/iCTBHeM HepaBencTBa (3.5.25). H3 HcpaBencTBa (3.5.26) cjieflyei, hto 
HepaBencTBO (3.5.24) Bepno fljia n ~ k. □ 

Teopema 3.5.18. Uycm-b at > 0, bi > 0, i = 1, ...,00. Tozda 

00 00 00 

(3.5.27) ^a,fe, <^a,^6, 

i—1 i—1 i—1 

^OKASATEJibCTBO. TeopeMa HBjiHeTCH cjie^CTBHeM TeopcMBi reftheorem: s|ab|<s|a|s|b| 
Korfla n — > 00. □ 

Teopema 3.5.19. Ilycm'b Ai, i = 1, 2, 3, - D-ModyAb c nopMou \\x\\i u Hop- 
MupoeuHHUM 6a3ucoM Ulaydepa e-i . Uycmb omo6paciHzeHue 

f eC+{D;Ai(fi);A2{f2)) 

Uycm-b omoBpaMCCHue 

,9G/:+(i?;A2(f2);A3(f3)) 

Tozda omo6pajfceHue 

.go /e /:+(/?; Ai(fi);A3(f3)) 
^OKASATEJibCTBO. CorjiacHO yTBepjKfleHHio 3.2.1.3 



00 



k=l 



(3.5.28) I (50/)]. I 

H3 TeopeMbi 3.5.18 h HepaBCHCTBa (3.5.28) cjie;3,yeT, hto 

oo oo 

(3.5.29) l(5°/)}l<ElfffelEl/'l 

k=l k=l 

Hs HepaBencTBa (3.5.29) cjie^yeT 

oo oo 0000/ 00 00 \ 

EEi(^°/)}i^^EE Ei5^iEi/fi 

i=lj=l i=lj=l \fc=l k=l / 

(3.5.30) / 

= EEi^^i EEi/i^i 

\i=l fc=l / \j = l k=l 

TeopeMa cjie;i,yeT h3 HepaBencTBa (3.5.30). □ 



< 00 
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3. BasHC niayflcpa 



Teopema 3.5.20. Uycmb Ai, i ~ I, n, - D-ModyAb c nopMou \\x\\i u 
HopMupoeaHHMM 6a3ucoM Ulaydepa e;. Uycmb A - D-Modyjih c Hopjviou \\x\\ u 
HopMupoeamiuM 6a3ucoM Ulaydepa e. Uycmb 

f : Ai X ... X An A 

noAUAUHCUHoe omoSpaMCCHue, \\f\\ < oo. Uycmb ai G A'^{ei). Tozda 

a = / o (ai, ...,a„) a £ yl+(e) 

/^OKASATEJlbCTBO. Mbi flOKajKCM yTBep^KflCHHe TeopeMbi HHflyKn,Hefi: no n. 
^jiH n — 1 yTBepjKfleHHe TeopeMbi cjie^yeT h3 TeopeMbi 3.5.13. 
IlycTb yTBepscflCHHe TeopeMbi cnpaeefljiHEO fljia: n = k — 1. IlycTb 

/ : Ai X ... X Ak-i A 

nojiHjiHHeiiHoe OTo6pa>KeHiie, ||/|| < oo. Mbi MOJKeM npeflCTaBHTt OToGpajKeHne 

/ B 'BTAJ\e K0Mn03HLi;HH OTo6pa>KeHHii 

/o (ai,...,afc) = {ho (ai, ...,afc_i)) oak 
CorjiacHO TCopeMe 3.4.15, \\h\\ < oo. Corjiacno npeflnojiojKeHHio HHflyKi],HH 

ho{xi,...,Xk-i) e C+{D;Ak;A) 
CorjiacHO TeopeMC 3.4.10, 

\\h o (xi, Xk-i)\\ < oo 

CorjiacHO TeopeMe 3.5.13 

{ho {xi,...,Xk-i)) oxk G ^"'"(e) 

□ 

CorjiacHO onpeflejienHio [7]-2.2.1, ajire6pa - sto MO^yjib, b KOTopoM nponsBC- 
flerae onpe^ejieHO KaK GHjiHHefiHoe OTo6pa>KeHHe 

xy = C{x,y) 

Mbi 6yfieM TpeGoBaxB 

<oo 

CorjlAlllEHHE 3.5.21. Uycmb e - 6a3uc Ulaydepa ceoBodnou D-aAge6pu A. 
Upouaeedenue 6a3UCHUx ecKmopoe e D-aAze6pe A onpedeACHO cozAacHO npaeuAy 

(3.5.31) e,e, = C^je^ 

gde Cj j - CTpyKTypHbie KOHCTaHTM D-aAze6pu A. Tan KaK npouaeedenue ecK- 
mopoe 6a3ucae D-aAze6pu A RBAfiemcsi ecKmopoM D-aAge6pu A, mo mu mpe6yeM, 
umo nocAedoeamcAbHocmb 

oo 

fc=i 

UMeem npedcA Bam ak}6ux i, j. □ 
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Teopema 3.5.22. Uycmh e - 6a3uc Ulaydepa ceoGodnou D-ajiae6pu A. Tozda 
Bam ak)6ux 

a = Ci h = }f Ci a, G ^"""(e) 
npouaeedenue, onpedeACHHoe cozAacHO npaeuAy 

(3.5.32) {ab)^ = C^ja'lr> 
onpedeACHO KoppenmHO. Upu amoM ycAoeuu 

a, be => ab G A+{f) 

^OKASATEJTbCTBO. TaK KRK npoii3BefleHHe b ajire6pe HBjiaeTCH GnjinHeitHbiM 
OTo6pa>KeHHeM, to npoHSBeflenne a h 6 mojkho sanHcaTb b Biifle 

(3.5.33) ab = a^V eiCj 
Ha paBCHCTB (3.5.31), (3.5.33), cjie^yeT 

(3.5.34) ab = a'VC^jek 

TaK KaK e aBjiaeTca 6a3HCOM ajire6pbi A, to paBencTBO (3.5.32) cjie^yeT h3 paseH- 
CTBa (3.5.34). 

Hs TeopeMbi 3.5.20 cjie^yeT, ^^to 

a,b e A+(f) ab G A+(E) 

□ 
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FjiRBa 5 



IIpe^MeTHMii yKasaxejib 



D-ajire6pa 11 
Z)-6a3HC MOflyjiH 8 

Z)-JlHHeHHO SaBHCHMbie BCKTOpbl Z)-MO^yjI5I 

8 

D-JIHHefiHO HeSaBHCHMbie BCKTOpbl D- 
MO^JIH 8 

D-jiHHeHHbiii 4)yHKLi,noHaji 10 
D-MOflyjib 7 

ajire5pa Ha^ KOJibLi,OM 11 
accoLi,H:aTHBHaH Z)-ajire5pa 13 
accoLi,HaTop _D-ajire6pbi 13 

6a3HC FaiviejiH 14 

5a3HC lUayflepa 37 

6a3HC, ^BoficTBeHHbifi 6a3Hcy 10 

SaHaxoBa Z)-ajire6pa 23 

6aHaxoBbiH Z)-MO^yjib 23 

eflHHH'^HaH c4)epa b D-ajire6pe 23 

SaKOH aCCOri,HaTHBHOCTH ^JIH Z)-MO^yJI5I 7 
3aKOH flHCTpH6yTHBHOCTH flJIH Z?-MOflyjIH 7 

saKOH yHHTapHOCTH flJiH Z)-MOflyjia: 8 

KOJibLi,o HMeeT xapaKTepHCTHKy 19 
KOJibLi,o HMeeT xapaKTepHCTHKy p 19 
KOMMyTaTHBHaa D-ajire6pa 13 
KOMMyTaTOp Z)-ajire6pbi 13 

KOOp^HHaTbl BeKTOpa OTHOCHTeJlbHO 6a3Hca 

FaiviejiH 14 

KOOp^HHaTbl BeKTOpa OTHOCHTeJlbHO 5a3Hca 

lllay^epa 37 

jiHHeHHoe OTo6payKeHHe 8, 12 
jiHHeHHbiH 4>yHKn,HOHaji Ha D-MO^yjie 10 

MO^yjib na^ KOJibu,OM 7 

HcnpepbiBHoe OTo5pa»ceHHe 23 
nenpepbiBHoe OTo5pa»ceHHe hcckojibkhx 

nepeMCKHbix 29 
Hopivia B D-ajire6pe 23 
HOpMa B D-MO^yjie 22 



Hopivia Ha KOJibH,e 20 
HOpMa OTo6pa»ceHHH 25 

HOpMa HOJIHJIHHeHHOrO 0T06pa?KeHHH 32 

HOpMa <J)yHKH,HOHajia 26 
HopMHpOBaHHaH Z)-ajire6pa 23 

HOpMHpOBaHHOe KOJIbH;0 20 
HOpMHpOBaHHblH Z)-MO^yjlb 22 
HOpMHpOBaHHblH 5a3HC 22 

HOJiHJiHHeHHoe OTo6pa?KeHHe 11 
nojiHoe KOJibu,o 20 
HOCJie^OBaTCJibHOCTb KouiH 20, 23 
npe^eji HOCJieflOBaTCJibHOCTH 20, 22 
npoHSBe^CHHe OTo6pa::^eHHH na CKajinp 9 

paSJlO^KCHHC BCKTOpa OTHOCHTeJlbHO 6a3Hca 
CXOflHTCH 37 

pasjio^KCHHe BeKTopa OTHOCHTejibHO 6a3Hca 

CXO;],HTCH HOpMaJlbHO 39 

CBo6o^HaH ajire6pa na^ kojibhiom 11 
CBo6o^HbiH MO^yjib nafl KOJibu,OM 8 

COHpHyKeHHblH Z)-MOflyjIb 10 

CTpyKTypHbie KOHCTanTbi 13, 15, 44 
cyMMa jiHHeHHbix OTo6pa?KeHHH 8 

TOHOJIOTHHeCKOe KOJIbl^O 20 

4)yHflaMeHTajibHaH HOCJieflOBaTCJibHOCTb 
20, 23 

H,eHTp Z?-ajire6pbi A 13 
H,eHTp KOJibn,a D 19 

34){J)eKTHBHoe HpeflCTaBJiCHHe KOJibu,a 7 
Hflpo D-ajire6pbi A 13 
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FjiaBa 6 



Cnei],Hajii>Hi>ie chmbojibi h o6o3HaHeHHa 



A'^(e) MHo:»cecTBO BeKTopoB, pa3Jio»ceHne ^(^) ti,eHTp D-ajireSpti A 13 

KOToptix OTHOCHTejibHO 6a3Hca e ^{^) u,eHTp KOJibu^a D 19 

CXOflHTCH HOpMaJlbHO 39 

(a, 6, c) accoLi,naTop D-ajire6pi>i 13 
[a, b] KOMMyTaTop D-ajire6pi>i 13 
a' conpHiHceHHbiH Z)-MOflyjib 10 

{'^^li^i KOOp^HHaTbi BCKTOpa a 

OTHOCHTejibHO 6a3Hca Faiviejisi 14 

||a|| HOpMa B Z)-MOflyjie 22 

KOop^HHaTbi BeKTopa a 
OTHOCHTejibHO 6a3Hca lUay^epa 37 

C(D; Ai , ...,An', A) mho^ccctbo 

HenpepbiBHbix OTo6payKeHHH 

HecKOJibKHx nepeivieHHbix 31 
C^j CTpyKTypHbie KOHCTanTbi 13, 15, 44 

df npOHSBefleHHC OTo6pa:H^eHH5i na CKajiHp 
9 

{e\,e2.j) 6a3HC D-MOflyjiH A2) 
11 

{^ilSi 6a3HC Faiviejisi 14 
{^ilEi 6a3HC lUay^epa 37 

11/11 HOpMa 4)yHKij,HOHajia 26 
11/11 HopMa OTo6pa?KeHHH 25 
11/11 HOpMa nojiHJiHHeHHoro OTo6pa?KeHHH 
31 

/ + 5 cyMMa jiHHeHHbix OTo6pa::*ceHHH 8 
lim an npeflcji nocjie^OBaTCJibHOCTH 20, 

n — ycG 

22 

CC{D] Al] A2 ) MHOyKCCTBO HCnpepblBHblX 

jiHHeiiHbix OTo6pa?KeHHH 25 
CC{D- Ai, ...,An; A) mho^kcctbo 
HenpepbiBHbix nojiHjiHHeiiHbix 
OTo6payKeHHH 31 

N(A) iiflpo D-ajire6pbi A 13 
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